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ABSTRACT

The notion of globally irreducible representations of finite groups
was introduced by B. H. Gross, in order to explain new series of
Euclidean lattices discovered by N. Elkies and T. Shioda using Mordell-
Weil lattices of elliptic curves. In this paper we classify all globally irre-
ducible representations coming from projective complex representations
of the finite simple groups PSLs(gq) and PSU3(g). The main result is that
these representations are essentially those discovered by Gross.

1. Introduction

In [Tho] J. G. Thompson initiated the study of pairs (G, A), where G is a finite
group and A a G-module, which is a free Z-module of finite rank > 1, that satisfy

the following condition:

A/pA is an irreducible F,G-module for all primes p.

At present there are known only a few examples of such pairs (cf. e.g. [Gow]).
A generalization of (1)—the notion of globally irreducible representations
(abbreviated as GIR’s)—was introduced by B. H. Gross [Gro] in order to explain
new interesting series of Euclidean lattices discovered by N. Elkies and T. Sh-
ioda [Elk|, [Shi] using Mordell-Weil lattices of elliptic curves. For the reader’s

convenience we recall the precise definition of GIR's.
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Definition 1.1 [Gro]: Let G be a finite group, V a finite dimensional QG-module.
Assume that

(i) The RG-module V ®q R is irreducible.
This condition implies that the commuting algebra,

K = Endgg (V) = {¢ € Endg(V)| Vg € G, vg = g¢},

is either @, or an imaginary quadratic field, or a definite quaternion algebra.
Fix a maximal order (i.e. a maximal subring which is a free Z-module) R in
K and choose an RG-lattice in V, that is, a free Z-submodule A in V of rank
= dimg(V) which is stable under the multiplication by R and the action of G.
For each maximal two-sided ideal p of R, we define the reduced representation
V, = A/pA of G over k, = R/p. If, in addition to (i), V' satisfies the following
condition:

(ii) For all maximal two-sided ideals p of R, the representation V, of G is

irreducible over k,,

then V is said to be globally irreducible.

We shall frequently use the following necessary condition for global irreducibil-
ity (cf. [Tiep 1, Proposition 2.8]). Here and below, the words “y leads to a GIR
..” mean that ¢ € Irr(G) is an irreducible constituent of x|g, where X is the
character of a certain GIR V for some larger group H with G < H.

PROPOSITION 1.2 [Tiep 1]: Let G be a finite group and ¢ € Irr(G). Assume
that 1 leads to a GIR. Then for every rational prime r, there is an absolutely
irreducible Brauer character p of G such that ¢ = py + -+ + ps(modr), where
p1,- - -, Ps are some conjugates (over F, and under Aut(G)) of p. In particular, all
irreducible constituents of 1 mod r have the same degree, and this degree divides
¥(1).

For a survey on the currently known classes of GIR’s as well as the corre-
sponding lattices the reader is referred to (Gro], [Tiep 1]. All GIR’s coming from
projective irreducible representations of the finite simple groups L, (q) and 2B>(q)
are determined in [Tiep 1]. The case Ba(q) has been treated in [Tiep 2.

The goal of this paper is to prove the following theorems, which determine
all GIR’s coming from projective irreducible representations of the finite simple
groups L3(q) = PSL3(g) and PSUs(q). The ordinary irreducible characters of
SL3(g) and SU3(g) are determined by W. Simpson and J. S. Frame in [SiF] (cf.
also [Geck]), and we shall keep the notation for irreducible characters of SLs(q)
and SUs(q) of this paper. Furthermore, the notation for finite simple groups,
their coverings and extensions are taken from [ATLAS].
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THEOREM 1.3: Suppose that V is a faithful GIR for a finite group H with
character x, and that H has a normal subgroup G which is a covering group of
the finite simple group L = A3(q) = PSL3(q), where q = p/, p is a prime. Then
p = 2 and one of the following holds.

(i) ¢ = 2, G = SL3(2) ~ PSLy(7), xg = k(A + X), where & € N, X € Irr(G),
deg A = 3.

(ii) g = 4, G = 4, - L3(4), x¢ = (a1 + a2 + a3 + a4), where k € N and o,
1 =1,2,3 4, are the only irreducible characters of G of degree 8.

(i) g =4, G =6 L3(4), x¢ = &(51 + B2), where k € N and 3;, i = 1,2, are
the only irreducible characters of G of degree 6.

(iv) q=4, G =121 - L3(4), x¢ = 6(11 + 72 + -+ + ), where k € N and v;,
1 =1,...,8, are the only irreducible characters of G of degree 24.

Conversely, there exist GIR’s of H with (G, x|¢) as described in (i), (ii), (iii),
and (H,x) = (G,1) in case (i), (H,x) = (G - 21,1) in case (i), and (H,k) =
(G- 24,2) in case (iii).

As can be seen from Theorem 1.3, all GIR’s coming from projective irreducible
representations of the finite simple group L3(q) are related to the exceptional
behavior of the Schur multiplier of L when ¢ = 2,4. It is well known that
Mult(L) is equal to Zgeq(3 q—1) if ¢ # 2,4, Zo if ¢ =2, and Zy x Zy2 if ¢ = 4.

The 6-dimensional SL3(2)-lattice A coming up in 1.3 (i) arises from the theta
polarization of the Jacobian of the complex curve X with equation zy3 + yz3 +
zz® = 0 (cf. [Gro]). This lattice has the following invariants: detA = 73,
Aut(A) = 2 x PGLy(7), minA = 4.

The 24-dimensional 6 - L3(4)-lattice arising in 1.3 {iii) is the famous Leech
lattice.

At present we do not know much about the 32-dimensional 4 - L3(4) - 2-lattice
arising in 1.3 (ii). We conjecture that it has determinant 10"6.

THEOREM 1.4: Suppose that V is a faithful GIR for a finite group H with
character x, and that H has a normal subgroup G which is a covering group of
the finite simple group L = 2Ay(q) = PSU3(q), where g = pf > 2, p is a prime.
Then f <2, G =L, xlg = 26x42-q, where & € N, and x,2._4 is the unipotent
cuspidal character of G of degree ¢* — q. Conversely, if f < 2 then G has a
globally irreducjble representation with character 2xq2_.

In particular, Theorem 1.4 shows that all GIR’s of SU3(q) are exhausted by
those discovered by Gross in [Gro]. A Mordell-Weil model for the lattices A in
the corresponding globally irreducible modules has been obtained by Elkies (cf.
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[Gro]). Let E be a supersingular elliptic curve over Fj: with Frobenius endo-
morphism equal to —¢ and End(E) a maximal order in the quaternion algebra
ramified at p and co. Let X be the Fermat curve of exponent g+ 1 in characteris-
tic p and Jx denote the Jacobian of X. Then A = Homp , (Jx, E). (Clearly, the
group PUs(q) acts on X and so on A.) As is shown in [Gro], det A is 1 if ¢ = p?,
and pP(P~1 if ¢ = p. These lattices have been given a detailed investigation by
N. Dummigan {Dum 1], [Dum 2].

A crucial ingredient of our proofs is Jantzen’s formula on reduction modulo p
of Deligne-Lusztig characters [Jan 1}, [Jan 2], which enables one to exclude the
majority of the irreducible characters of SLs(q) and SU3(q). Then one applies
the results in [Geck], [Jam], [JLPW] on modular representations in non-defining
characteristics to deal with the remaining characters.

The remaining finite groups of Lie type of rank 2 are considered in forthcoming
papers.

2. Preliminaries

Our proof is heavily based on the representation theory of Chevalley groups in
their defining characteristic (see e.g. [Jan 1]). Let G be the connected, simply
connected, and semisimple algebraic group of type Ay defined over Fy; k = F,,
T = {diag(a, b, ¢)| a,b, ¢ € k,abc = 1} a maximal torus in G, defined and split over
F,, W the Weyl group of G with respect to T'. We realize a basis S for the root
system of G with respect to 7" in standard way: S = {a; = e1 —eg, 2 = €3 —e3},
where {e;, ez, e3} is an orthonormal basis of R3. Then the fundamental weights
w; = wg; corresponding to a; € S are equal to

1 1 1 1
wi = 3(2e1 — €2~ e3) = 3(2m +ap), wp = sler +ex — 2e3) = g(an + 209).

Set p = w; + wz = e; — e3. The symbols X (T") and X(T'), denote the group of
characters on T" and the set of dominant weights, respectively. For f € N denote

X (T) = { Zmawal 0<mg<pl forallae S}.
a€ES

We shall use the following order relation < on X(T): A < p if and only if there

are non-negative my € Z such that g — A =), .o mqa. In our particular case

of type Az, we write every weight A = rw; + swy in the form A = (7, s) and define

the following parameters of A:

(2) A1 =2r+s, |Ma=r+2s, [A=(r*+rs+s*+3(r+s5+1))(mod3pZ).
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Of course, 0 )
A =TWy + Swp = T+sa1 + rt Sag.
3 3
Hence, for A,y € X(T') we have
l/\ll - ,.ull € 3Z,

(3) AZpe { A > )1, (A2 > |ule.

It is well known that for each A € X(7T'); there exists a unique simple kG-
module L(\) with highest weight A. Furthermore, if G = GF = SL3(q), ¢ = pf
(F = Frf and Fr denotes the Frobenius endomorphism z = (z;;) +» (zF;) of G),
then every simple kG-module is isomorphic to exactly one L(A) with A = (r,s) €
X#(T). The corresponding Brauer character will be denoted by ¢(\) = o(r, s).
For A € X(T') define the formal Brauer character {()) as follows. If A € X (T,
then ((A) is the character of the so-called Weyl module V()\) with highest
weight A, If A € X (T') and there exists w € W with wol := w(A+p)—p € X(T),,
then ((A) = det(w){(woA); if not, then (A) = 0. It is known that for A € X(T),
one has

(4) V=N + > daue(p),
HEX(T) 4, u<

where dy , > 0. Moreover, the linkage principle states that if in (4), dx , > 0,
then X and p are linked, i.e. there exists w € W), such that g = wo A. Here, the
affine Weyl group W), is generated by the maps

Sa,l ©A = 84 0 A+ Ipa,

where o« € S, | € Z and s, denotes the usual reflection corresponding to «.
Immediately we have the following statement:

LEMMA 2.1: If M\, u € X(T)4 are linked, then [A] = [u].
Proof: For brevity we write [A|? instead of (A, ). The parameter [A] is in fact

defined as 3|\ + p|?(mod3p) (see (2) for the definition of [A], |A|;). Furthermore,
for a € S, ! € Z one has

|56t 0 A+ pl” = A+ pf* + I2pPlaf? + 21p(sa(X + p), @).
Observe that |a|? € 2Z and

2(A + p, @)

(ol ) = (4. p) - 2222

,a) =—-(A+pa)el

Therefore, {s,; 0 A] = [)], as stated.



230 P. H. TIEP Isr. J. Math.

COROLLARY 2.2: Suppose that A = (r,s) € X(T)4 and X = (r',s') € X(T),.
Then (X') does not occur in {(}), if any of the following conditions holds.

(i) |N]; > |Al; for some i =1, 2.

(if) (V] # [N

We are going to use Corollary 2.2 for G = SL3(q), SUs(g) with ¢ = pf, and
A € X4(T). In this case (4) gives us all composition factors of the G-module
V(N).

The following lemma is useful for computing {()) = ¢((r,s) with A ¢ X (T')4:
LEMMA 2.3: Suppose that r,s € Z, but A ¢ X(T)+.

(i) If (r,s) belongs to the region (I) = {(r,s)] r < =2,7 +s > —1}, then
¢(r,8) = —((-r—2,r+s+1).

(ii) If (r, s) belongs to the region (IT) = {(r,s)| r < —2,s < -2}, then {(r,s) =
—(-s—-2,-r—-2).

(iii) If (r,s) belongs to the region (IIT) = {(r,s)| s < —2,7 +s > ~1}, then
¢(rys) = —C¢(r+s+1,—5—-2).

(iv) If (r,s) belongs to the region (A) = {(r,s)| r +s < —3,r > 0}, then
¢(r,s) =¢(—r —s—3,7).

(v) If (r,s) belongs to the region (B) = {(r,s)] 7 +s < —3,s > 0}, then
¢(r,s) =((s,—r —s—3).

(vi) Otherwise ((A) =0.

Proof: For example, we consider the case where there exists w € W with
det(w) = —1 and wo A € X(T);. For definiteness suppose that w : e; <
es,e3 — es. Then
w(wy) = wp — wr, wwe) = wa,
WA+ p) = p = (=7 — Dwr + (r+ 5+ Do,

and we come to conclusion (i). The remaining elements of W are treated in a
similar way. |
COROLLARY 2.4: If A= (r,s) ¢ X(T)4 and r,s > —1, then ((r,s) = 0.

The dimension of the Weyl module V(r,s) is given by the following formula
(see e.g. [OnV]):

(5) deg C(r, s) = (T+1)(s+;)(r+s+2)-

Furthermore, the decomposition of V(A) = V(r,s) with A € X;(T") into simple
modules is described by the following statement:
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LEMMA 2.5 (Jan 2]: If0 <r,s <p—1andeitherr+s<p—-2,orr=p—1,
ors =p—1, then {((\) = p(A\). If0<r,s<p—-2andr+s > p~—1, then
((T)S) =<p('r,8)+<p(p~2—s,p—2—7‘).

Using Lemma 2.5, formula (5) and Steinberg’s tensor product theorem, one
can determine the dimensions of all simple kG-modules L()\), A € X¢(T).

3. The groups SL3(q)

3.1 A CRITERION FOR GLOBAL IRREDUCIBILITY. Throughout this section we
suppose that G = GF = SL3(q), ¢ = pf, and that a nontrivial irreducible charac-
ter x € Irr(G) leads to a GIR. By Proposition 1.2, for any arbitrary prime r all
irreducible constituents of x mod r are conjugate (over F, and under Aut(G)).
In particular, all irreducible constituents of x mod r have the same degree, which
divides deg x. By Lemma 3.1 [Tiep 3], the action of Out(G) on IBr,(G) is gener-
ated by the Frobenius endomorphism F'r and the graph automorphism w; - ws.
Using this fact and following the proof of Corollary 2.7 [Tiep 2], one gets

COROLLARY 3.1: Suppose that ¢(\)}, ¢(X') are irreducible constituents of x mod
p, where A = (r,s) and X' = (r',s') belong to X;(T). Consider the p-adic
decompositions of the integers r,s,r’,8':

F-1 F-1 f-1 f-1
r= Zp’ri, s= Zp’si, r = Zp’r{, s = Zp’s;.
i=0 i=0 =0 i=0
Then there exists a cyclic permutation 7 of indices 0,1, ..., f —1 such that either
(T(I),rllv s ’T,f_l) = (TW(O))TW(I), L )’r‘K(f—l)),
(56a 5,1, L) S’f_l) = (SW(O)a Sx(1)s- - )sﬂ'(f—l))7
or
(7‘6) T’la ce- ,Tlf—l) = (SW(0)7 Sm(1)s - asﬂ'(f—l))a
(36, 3/1) Ty 3}_1) = (Tw(O)a Tr(l)s---» T'rr(f—-l))'

There exists an integer a, 0 < a < f — 1, such that either r' = p®r mod (g — 1)
and s’ = p*smod (g — 1), or v = p®smod (¢ — 1) and ' = p*r mod (¢ — 1). In
particular, v’ +s' =7 +smod (p—1).

3.2 DECOMPOSITION OF DELIGNE-LUSZTIG CHARACTERS. In order to effec-
tively use Corollary 3.1 and Jantzen’s reduction formula, one has to decompose
the Deligne-Lusztig characters Ry, (r,s) = Ry(1) = Ry (3, ) (in the notation of
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[Jan 1]), p = (r,s) = rwi + swy, into irreducibles. Denote simple reflections of
W by

S1:€e1 ¢ ey, ez > ez, S2:€3¢>e3,6 ey,

Furthermore, set wq : e; <> €3,e3 — €2, d = ged(3,¢ — 1).
First consider the characters R;(u) corresponding to the maximal torus

T1F = {.’E = diag(xl,mz,mflxgl)l I; € IF:;}

of G. Choose B € Fpz and v € Fgs such that F, = (B), |7l =¢* +q+1, and set
a = B9t1. Furthermore, denote

f—e (27ri) ox ( 2mi ) ;—ex ( 2m )
= ex —, = - ), = —_}.
P\g=1/" 1=\ g Pl g+t

If 4/ = (r',s'), then R;(p') is determined via the character 6(x') which acts on
T as follows:

O(u'): diag(ak‘,akz, a~ki=ka)y gh(r'+s)thas’

For any w € W, we write ' ~,, p” if the actions of 8(p') and 6(x") on TF are
identical.

LEMMA 3.2: Each Ry() with p regular is equal to exactly one Ry(r,s) with
(r,s) satisfying

(6) 1<rs,r+2s<q—-1, 2r+s<qg—2.

Proof: Assume that g = (r, s) is regular. One can suppose that 1 < 7,58 < g—2
and r+s # g—1. If r+s > g, then for wo(p) = (—s,—7) ~1 (¢g—1—s,q—1—r) one
has (q—1—7)+(g—1—8) < g—2. We know that both x and wo() are regular,
and the scalar product (R;(u), Ri(wo(p)))c is at least 1. Therefore, Ry(p) =
Ri(wo(p)). Replacing p by wo(p), one may suppose that 1 <r,s,7+s<q—2.
Suppose that 7+2s > q. If r < s, then for s182(p) = (—r—8,7) ~1 (¢—1-7~—5,7)
onehas (g—1—-r—8)+r<q-2,(g—1-7r—-5)+2r <qg—1 Ifr > s, then
for s3s1 () = (s,—r —8) ~1 (s,g—1—r—s)onehass+(¢g—1—-r—s) < g—2,
54+2(q—1—7r—5) < g—2. Therefore, replacing p by s152(u) or s2s1(p) if necessary,
we can suppose that u = (r,s) satisfies the condition 1 < r,5,7 +2s < ¢—- 1
Assume in addition now that 2r + s > ¢ — 1. Then for sas1(p) = (s, —7 — 8) ~1
(s,q—1—r—s)onehass+2(q—1-7r-3) < q—lv, 2s+(q—-1—r—s)<g—1
In fact 25+ (g — 1 —r —s) < g — 2, since the equality 25+ (g—1~r~35) =g —1
would imply that 7 = s = (g—1)/3 and s2s1 () = g, contrary to the regularity of
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. Replacing now u by ses1(p), we reach the effect that p satisfies (6). Finally,
direct calculations show that all 4 = (r,s) with (r,s) satisfying (6) are regular
and pairwise W (T} )F-inequivalent, as stated. [ |

Each R;(r,s) with (r, s) satisfying (6) is equal to exactly one of the characters
XEZ_;’I;‘812+(I+1) of degree (g +1)(q® +q +1). Recall that, in the notation of [SiF],
Irr(G) consists of the following series of irreducible characters: 1g, Xq(g+1), St =

(w) N (u,v,w) N (u) u
Xa* Xgzpqt1) Xo(g2+a+1)? X(g+1)(g2+a+1)’ X1 X(g=1)(q2=1)> X(q+1)(g?+q+1)/3"

XEZ)—I)(qz—l)/S and X(q_ll)(qz_l)/g- Here, the last three series appear if and only
if ¢ = 1(mod3), and the lower indices indicate the degree of the characters.
Furthermore, it is not difficult to show that

1— —1-s
Ri(0,5) = Sz%qﬂqil) + szg+q+1)

ifl1<s<qg-2,

q—l g—1
Rl( ) quﬂ Hg?+q+1)/3

u=0

(if ¢ = 1{mod3)), and
Rl (070) = St + 2Xq(q-t—l) +1g.

The character R;, (1), & = (7, s), corresponds to the maximal torus T, which
is conjugate to

{z = z(k) = diag(8*, B*%, B~ ) 0 <k < ¢* — 1},

and the character 6(s), which acts on T as follows: 8{y) : z(k) r» pk(rFslat),
Arguing as in the proof of Lemma 3.2, we obtain

LEMMA 3.3: Each R, (i) with p regular is equal to exactly one R, (r,s) with
(r, s) satisfying

(7) 1<r<q-1,0<s<q—-1-r

Each R, (7, s) with (r, s) satisfying (7) is equal to exactly one of the characters
x(3) 1~ Furthermore, it is not difficult to show that R, (0,0) = St — 1g, and

{g—1-s} (g—1-3)
R, (0,8) = Xg(gr4g41) ~ Xgtyqi1

ifi<s<g-2
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The character Ry, s,(p), g = (r,s), corresponds to the maximal torus T/, ,

which is conjugate to
{y = y(k) = diag("*, 7", 7*") 0 < k < ¢ +q+1},

and the character 6(y), which acts on T, as follows: 8(y) : y(k) > TFrTs(at1),

818
Following the proof of Lemma 3.2, we obtain

LEMMA 3.4: Each R, ,,(u) with p regular is equal to exactly one R, s, (r,s)
with (r,s) satisfying one of the following three conditions:

(a‘) T:(), 1535(1—1,
(8) (b) 1<r<q 0<s<g-1, 2r+s<gq, r+25<q,
() 1<r<gq, 0<s<q-2, 2r+s>2q+3, r+2s2>2q.

Each character XEZ)—I)( 2—1) 18 equal to exactly one Rs,s,(r,s) with (r,s)
satisfying (8). Furthermore, it is not difficult to show that

R81S2 (01 O) =S5t — Xq(g+1) + 1G’

and (if ¢ = 1(mod3))

qg+2 g-1 (q—l q+2\| _
{Rslsz ( 3 b 3 )7R8281 3 ) 3 ) ha
& (w) : (w)’
{Z{)X(q-n(zzz—l)/a’ X_(:)X<q—1)(q2—1>/s} .

3.3 REDUCTION MODULO p. Recall we are assuming that a certain irreducible
complex character x of G leads to a GIR of H > G. It is well known that
St mod p (and of course 1 mod p) belongs to IBr,(G). In this subsection, using
reduction modulo p (the defining characteristic), we show that there are only a
few possibilities for x. A crucial ingredient of our arguments is Jantzen’s formula
for reduction modulo p of Deligne-Lusztig characters (cf. {Jan 1], [Jan 2]), which
states in the case G = SL3(q) that

(9) Ry(p) mod p=")  ((u(s — wewou) +gpu = ),
ueW
where
Pu = Z Way, €u = u—lpu-

acS,u~1(a)<0

In what follows we shall write Ry, (1) mod pasasum 0, ¢(A?) and M = (r%, s%).
In general, (9) expresses R, (u) mod p as a linear combination of characters of
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Weyl modules, some of which may occur with negative coefficient. Using this
information and the results of §3.2, for most of ¢ € Irr(G) we single out cer-
tain irreducible constituents of 1) mod p and then apply Corollary 3.1 to these
constituents to show that 1) cannot be a candidate for our x.

u,v,w)

. (
LEMMA 3.5: X 5£ X(q+l)(q2+q+1)'

Proof: Assume the contrary: x = XEZ_’:&LQ +a+1) for some u,v,w. Then, by
Lemma 3.2, x is equal to R;(r,s) with some (r,s) satisfying (6). Due to (9),
xmod p= Y% ¢(M), where all the weights Al = (r,s), A2 = (¢ —r — L,r + ),
M=(r+sqg-—s—1),XN=(5q-r—-5-1), N =(g—-r—s—1,7), A0 =
(g—s—1,g—r —1) belong to X¢(T).

1) If xmodp = Y | m with ¢n € IBry(G), then, by our hypothesis,
D =degyp; = ... = degp, divides the integers degx = (¢ + 1)(¢* + ¢+ 1) and
deg ¢(A\*), i = 1,...,6. This condition implies that

(10) if ¢ is a prime divisor of D, then
either t = 2, or t = 3|(¢ — 1), or ¢|(¢g+1).
In particular,

(11) D divides 3(g + 1).

2) In what follows we shall use the p-adic decompositions of r, s, 7 + s:
f-1 -1 F-1
T=Zp7rj, S=Zp78j, r+s=Zp7tj
=0 =0 =0
(0 <rj,s5,t; <p—1). Also, we put

ri=p—1-r; s;=p—1-s;, t;=p—1-t;.

Observe that p # 2. Indeed, if p = 2, then degx and D are odd. Hence,
(rj,85) # (0,0),(1,1), which implies that t; = r; + s; = 1. In this case, either
deg ¢(A\?) or deg ((A3) is divisible by deg¢(1,1) = 8, a contradiction.

3) Next we show that

(12) 1ST‘]‘,S]',tj Sp—?.
Indeed, if r; = 0, then r; = p — 1, which implies that deg ©(A8) is divisible by

(pj) — p(s;- + 1)(p + S_Ij + 1)
2 b

deg o(s},p— 1)
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i.e. p|D, contrary to (10). If r; = p— 1, then degp(A!) is divisible by p. Other
possibilities s;,t; € {0,p — 1} are excluded in a similar way.

4) Here we observe that p > 5 and f > 2. Indeed, if p = 3, then from (12)
it follows that r; = s; = 1 for all . But in this case one has t; =2 =p -1,
contrary to (12). Suppose that ¢ = p > 5. Then from (6) it follows that
1< rs,7+s<p—3. By Corollary 3.1 we have

r+s=8=r

—r=-s=-r—smod (p-1),

ie. r=s=0mod (p— 1), a contradiction.

5) This step is to eliminate the cases p = 5,7,11,13. First suppose p = 5.
By (12) and (11),1 <7j,s; <3and D = Hf;ol deg p(r;, ;) divides 3(5F + 1).
The equality deg(1,1) = 8 forces (r;,s;) # (1,1). Hence, deg(r;,s;) > 15
and so D > 157 > 3(5f + 1), a contradiction. Second, suppose p = 7. Then
1 < rj,8; < 5 and D divides 3(7f +1). If f is even, then degp(1,1) = 8
does not divide 3(7f + 1). Hence, (rj,s;) # (1,1) for all j, which implies that
D > 157 > 3(7f + 1), a contradiction. If f is odd, then 3(7f + 1) is not divisible
by 16. Therefore, (r;,s;) can be equal to (1,1) for at most one index j. This
forces D > 8-15/=1 > 3(7f 4 1), again a contradiction. Next, assume p = 11.
Then 1 < rj,s; <9and D divides 3(11f +1). Since 3(11f +1) is not divisible by
5 and by 8, (rj,s;) # (1,1),(1,2),(2,1). Hence deg ¢(r;, s;) > 24, which implies
that D > 247 > 3(11f + 1), a contradiction. Lastly suppose p = 13. Then
1 <rj,s; <11 and D divides 3(13f + 1). Since 3(13f + 1) is not divisible by 8
and by 9, (rj,s;) # (1,1),(2,2),(1,3),(3,1). Furthermore, (r;,sj) can belong to
{(1,2),(2,1)} for at most one index j = jo. For j # jo one has deg ¢(r;,s;) > 35.
Hence, D > 15- 35/~ > 3(13f + 1), a contradiction.

6) As a result of the previous steps, we may suppose that f>2andp> 17
Observe in addition to (12) that r; + s; ¢ {p — 3,p — 2,p — 1,p,p + 1}. Indeed,
if ; + 8; = p — 2, then deg(r;, s;) is divisible by p (see (56) and Lemma, 2.5),
and so p|D = deg ('), contrary to (10). If r; +s; = p, then r; + s; = p— 2,
which implies that p divides D = deg ¢(A®), a contradiction. If r; +s; =p—3,
then D = degp()\!) is divisible by (p — 1)/2. By (11) one has (p — 1)/2 divides
3(pf +1),ie. (p—1)/2 divides 6, which is impossible as p > 17. If r;+s; = p+1,
then r’ + s} = p — 3, and we come again to the contradiction that (p — 1)[12.
Finally, assuming r; + s; = p — 1 we have t; € {p — 1,0}, contrary to (12).

In connection with this observation, set J = {j| r; +s; > p+2}, J' =
{jl } + &} > p+2}. It is clear that J' = {0,1,.. ., —1}\J. Therefore, without
loss of generality one can suppose that |J| > f/2. From (5) and Lemma 2.5 it
follows that deg ¢(r;, s;) > 2p* whenever j € J. Consequently, D = deg p(\') =
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ij;ol deg p(r;,s;) > 2Vlq. In particular, if f > 3 or if |J| > 2 one has D > 4q,
contrary to (11). If f =2 and |J| =1, then D > 8-2p? = 16q > 3(q + 1), again
a contradiction. This contradiction completes the proof of Lemma 3.5. 1

()

LEMMA 3.6: x # Xg3o1-

5113‘)_1 for some u. Then, by Lemma 3.3, x is
equal to Ry, (r,s) with some (r, s) satisfying (7). By (9), x mod p = Z?zl ¢(AY),
where A\! = (r —2,s+ 1), M2 =(g-r—1,r+3), 3 =(r+s-1,g—s—2),
M=(-1,g—-r-5-2), ¥ =(q—r—87r-2),\=(g—s—1,g—7—1). It is
obvious that A2, A3 )6 ¢ X ¢(T); furthermore, if ¢ = 1,4, 5, then either A\ belongs
to X¢(T), or {((\*) = 0. In particular, x mod p contains @(\*) with i = 2,3,6.
By Corollary 3.1, s=r—2= —r—smod (p—1),1e. s=r—2mod {p—1) and
3r=4mod {p—1).

First suppose that r > 2. Then x mod p also contains p(A!), and so by Corol-
lary 3.1 one has r + s — 1 = s mod (p — 1). This implies that r = 1 mod (p — 1)
and so p = 2. Observe that there exists ip € {1,2,3,6} such that r*c = s =
1 (mod 2). From this it follows that deg(A%) is divisible by deg(1,1) = 8.
In the meantime, we know that deg p(A%) divides degx = ¢° — 1 and so it is an

Proof: Assume the contrary: x = x

odd integer, a contradiction.

It now remains to consider the case r = 1. In this case we again have 3 =
4 mod (p—1), whence p=2. If 1 < s < g—3, then x mod p contains p(\) with
i = 3,4. This assumption leads as above to a contradiction, because there exists
i1 € {3,4} such that 7* = s** =1 (med 2). Finally, if r = 1 and s € {0,q — 2},
then x mod p contains some @(A*?) with {réz,s’2} = {¢—2,¢—1}. We again arrive
at a contradiction, because deg ¢(A?) = 3-8/~ does not divide deg x = 8/ — 1.
|

LEMMA 3.7: If x = ngu)_l)(cﬁ._l) for some u, then q = 2.

Proof: Assume the contrary: x = xE;‘)_l)(qg_l) for some u. Then, by Lemma
3.4, x is equal to R, 4, (r, s) with some (r,s) satisfying (8).

1} First we consider the case x = Ry, s, (', ") with some (r/, s’} satisfying (8)
(c). Then x = Rs, 5,(r,8) with1 <r <q—4,2<s<q-2,2r+s<gq,r+2s < gq,
by (9), x mod p = Y°°_, ¢(N), where Al = (r,5 —3), A2 = (g—r — 2,7+ s — 1),
M=(r+s—2q9-8), M =(6-19g-1-5-2),\° =(qg—1— 8,7 —2),
A% = (g—s—1,g—r—1). It is obvious that A%, A3, X\*, AS € X(T); furthermore,
if i = 1,5, then either X* belongs to X¢(T), or ¢(A\*) = 0. In particular, x mod p



238 P. H. TIEP Isr. J. Math.

contains @(\) with i = 2,3,4,6. By Corollary 3.1, s—2=r—-1=-r—-2 =
—r—smod(p—1),ie. s=r+1=2mod(p—1) and (p — 1)|3. Hence, p = 2.
Observe that there exists i9 € {2,3,4,6} such that ri* = s% = 1(mod2). From
this it follows that deg p(A%) is divisible by deg (1,1) = 8. In the meantime, we
know that deg p(A%) divides degx = (g — 1)(g® — 1) and so it is an odd integer,
a contradiction.

2) In the rest of the proof we can suppose that x = R ,,(r,s) with some
(r, s) satisfying (8)(a) or (8)(b). Then by (9), x modp = Z?zl ¢(AY), where
A =(r—3,s), A2 = (g—r,7+5—2), \3 = (r+s—1,g—5-2), A = (s—2,g—7—s),
M=(-r-—s—2,r~1),\=(¢g—s—1,g—r—1). By Lemma 2.3, either
A€ X§(T), or ((A\) =0, or else i = 1,4 and the following holds:

. _ ¢(0,0), (r,8) = (0,0),
=1 C(Al)”{—c(l—r,ws—?), 0<r<l,s>2-r

, 4 —((0,g—1-7), s =0,

i=4, C(,\):{ 0, s=1.
In particular, if s = 0, then by Corollary 2.2, x mod p contains o(A\8) =
o(g—1,q—r—1) with 1 < r < g/2. If p > 2, then degp(A®) is divisible
by p, which is impossible because p t degx . If p = 2 and 7 < g — 1, then
deg p(X\8) is divisible by 8, again a contradiction. Therefore ¢ =2 and r = 1. In
what follows we may suppose that s > 1.

3) Here we consider the case r > 3. Then x mod p contains @(A*) with ¢ =
1,2,3,6. By Corollary 3.1 onehasr+s-3=s~1=r—-2=—r—smod (p—1).
This implies that 7 = s+ 1 = 2 mod (p — 1) and (p — 1)|3. In particular, p = 2.
In this case, there exists i; € {1,2,3,6} such that r* = st =1 (mod 2). From
this it follows that degp(A%) is divisible by deg(1,1) = 8. In the meantime,
we know that deg@(A) divides degx = (g — 1){g® — 1), a contradiction.

4) Next suppose that r = 2. Then ¢ > 5, and x mod p contains () with
i=2,3,6. By Corollary 3.1, s—1=0=-s—2mod (p—1),ie. p=2. Nowif s
is odd, then deg ¢(A\8) = deg (g — s — 1,q — 3) is divisible by 8, a contradiction.
If s is even, then s > 2 and degp(\?) = deg (g — 2, ) is divisible by 8, again a
contradiction.

5) If » = 1, then by Corollary 2.2, x mod p contains ¢(A\*) = (g — 1,5 — 1)
and p(\) = p(g—s—1,¢—2). If p> 2, orif p=2 and s > 2, then deg p(\?)
is divisible by p, a contradiction. Therefore p = 2 and s = 1. In this case
g = 2f > 4, hence deg () is divisible by 8, again a contradiction.

6) Finally, suppose that r = 0. Then 1 < s < g — 1. Again by Corollary
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2.2 x mod p contains p(\®) = p(g—s—1,¢g—1). If p > 2, orif p = 2 and
s < ¢ — 2, then deg () is divisible by p, a contradiction. Therefore p = 2 and
s=gq—1. If ¢ > 8, then x mod p contains p(\*) = ¢(q — 3,1), whose degree is
divisible by 8, again a contradiction. If ¢ = 4, then x mod p = {(4,1) +¢(0,3) =
¢(4,1) + ¢(0,3) + ©(0,0), contrary to our hypothesis on x. Hence, ¢ = 2 and
s=1

Lemma 3.7 is completely proved. |

LEMMaA 3.8: X ?é Xt(;(22+q+1)7 X((I’Z)+11+1'

Proof: First assume that x = Xff(gzﬂ_,_l

§3.2 and (9),

) for some u. Then, by the results of

x mod p = 3(R1(0,5) + R,,(0,5)) mod p
=C(q—1,8)+C(8—l,q—s—Z)+C(S,q—8—1)+C(q—8—1,q—1)

for some s, 1 < s < ¢ — 2. In particular, x mod p contains (g — 1,s) and
p(s,q — s — 1). Writing down s = Z;:épjsj, 0 <s; <p—1, we have

f-1 f-1
p(s; +1)(p+s;+1)
degp(q—1,5) = [[ degolv ~ 1,55 = [[ ==——,
=0 =0

f-1 =
plp—1)+2(s; + V)(p — s5)
degcp(s,q—s—l)=I[Odeg‘ﬂ(sjyp_sj‘l):H) 2] n
j= =

Since s > 1, from these formulas it follows that deg ¢(s,9—s—1) < degp(g—1, s),
a contradiction.
Now assume that x = X((;;Lq 41 for some u. Then x is an irreducible Weil

character of G, hence our statement follows from §3 of [Tiep 3]. |
LEMMA 3.9: If x = Xq4(q+1), then ¢ = p.

Proof:  Assume that x = Xg(q+1)- Then, by the results of §3.2 and (9),

x mod p = (Rl(o’o) 22D 1G) mod p = ((0,q — 1) + (g — 1,0).

In particular, xy mod p contains ¢{0,q — 1) and ¢{g — 1,0), both of degree
(p(p+1)/2)?. By our hypothesis, the last integer must divide deg x = pf (pf +1).
This condition immediately implies that f = 1, as stated. |
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Obse1~rve that the three characters XEZ)H) (@2+q+1)/3’ 0 < u < 2, are G-conjugate,
where G = GL3(q), and the six characters
{w) (w)’
Xg=1)@-1/m  Xg-n@-ne 0Sus2
are Aut(G)-conjugate. This can easily be seen by inspecting the character table
of G (cf. [SiF]). As a consequence of this observation, we come to the following
statement.

COROLLARY 3.10: Suppose that x = XEZil)(q2+q+l)/3 (resp., x = X%Z)_l)(qQ_l)/s

or XEZZU(QZ_l) /3), and that o()), p(X') are arbitrary irreducible constituents of
Ry(%3%,43%) mod p (Of(Rslsz(ggz, L2)+ Ry, (557, 2£2)) mod p respectively).
Then A and X satisfy the conclusions of Corollary 3.1.

LEMMA 3.11: Suppose that ¢ =1 (mod 3). Then

(w)'

# (u) (u)
X7 X(g+1)(g2+a+1)/3? X(g-1)(@*-1)/3" X(g-1)(g*-1)/3"
Proof: Assume the contrary.
1) Suppose that degx = (g — 1)(¢* — 1)/3. Then we apply Corollary 3.10 to

(Rsls2(1'3L2_, gg_l) + ngsl(gg—l, %2')) l'IlOdp

= 3((552, 55T) + Q55T 45+ C(H52, 205 + (2458, 22
If ¢ > 7, then
g—-1 q—7 2q—2 2q—-5

= -1
3 + 3 3 + 3 mod (p — 1)

by Corollary 3.10, i.e. p = 2. But in this case, deg go(g—gl, 9;—7) is divisible by 8,
a contradiction. If ¢ < 7, then ¢ = 4, and

(RSISZ (2a 1) + R8281(1) 2)) mod p= 3(((2’ 1) + C(l’ 2))

This character contains the constituent (2, 1), whose degree is equal to 9 and
so does not divide deg x = 15, again a contradiction.
2) Next we consider the case y = xg;ll)(qg +g+1)/3- BY 9),

B (155 5 moap=3 (¢(L5H ) +¢ (52 20

3’ 37 3 3 7 3

Clearly, R1 (%51, g—g—l) mod p contains p(Af), i = 1,2, where

1_f9-1g-1 2 (29—2 292
’\'(3’3)”\“(3 3 )
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Our hypothesis on y implies that deg (M) = degp()\?) and that this integer
divides (g + 1)(¢> + g + 1). First suppose p =1 (mod 3). Then

f-1 L
degp(A!) = deg (ij(p - l,p3 1)) _ (p;tz)m"
7=0
-1 B , o
deg p(X?) = degyp (Zp’(2p3 2,21’3 2)) _ ((2p2+71) @ 271) )f.
j=0

Therefore, we come to the equality (p+2)% = (2p+1)®> — (p—1)3, a contradiction.
Finally, suppose that p = —1 (mod 3). Since ¢ =1 (mod 3), one has f = 2¢ for
some g € N. Then

b= s (25 252 s 25225

Since

p—2 p—2 p+1\3
deg“’(3’3):(3)
w—1 2p—1 2w +2\° 2\?
de p—t2p-1\_(pt2) [(P—2
gv{—3 3 3 3 :

deg (A1) is divisible by 239, and so it does not divide (g + 1)(¢® + g + 1), again
a contradiction. n

and

COROLLARY 3.12: Let x € Irr(G), where G = SL3(g) and ¢ = p. Then x mod p
is absolutely irreducible if and only if either x € {1g,St}, or ¢ = 2 and x €

(u) _
x@=n@e-ple =12}

Observe that X4(g+1) mod p is not irreducible if f = 1: it is a sum of two
Aut{G)-conjugate Brauer characters, see the proof of Lemma 3.9.

3.4 ProOOF OF THEOREM 1.3. Assume that G is a covering group of L = L3(q),
g = p’, and that x € Irr(G) leads to a faithful GIR of H, H > G.

If G is a factor group of SL3(q), then without loss of generality one can suppose
that G = SL3(q). By the results of §3.3, either ¢ = 2 and x = XEZ)—I)(qZ—l) for
some u, or X € {5%, Xq(g+1)}- (The principal character 15 is excluded because x
is faithful.) The former possibility can in fact be realized, since SL3(2) >~ L2(7);
and here we arrive at conclusion (i) of Theorem 1.3. Consider the latter case. It
is well known that St and x4(,+1) are extendible to the whole group G = GLs(q).
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Let x1, resp. x2, be an extension of St, resp. of X4(g+1), to G. Choose a prime

divisor t of g% + ¢+ 1. Then by [Jam] there exist ¢;, 2 € IBr;(G) such that
x1modt =1+, xamodt=1+¢;.

Thus deg 1 = ¢> +q— 1, degp, = (¢ — 1)(¢? — 1), and so by Proposition 1.2 we
get a contradiction.

The case G = 2 - SL3(2) ~ SLy(7) has been considered in [Tiep 1].

To complete the proof of Theorem 1.3, it remains to consider the case where
L = L3(4), G is not a factor group of SL3(4). Here, Mult(L) = Zy x Zi2,
therefore we have to look at the faithful irreducible characters of GG, G is one of
the groups 2L, 4, L, 45L, 6L, 121 L, 12, L (the notation is taken from [ATLAS]).
The irreducible characters of these groups are given in [ATLAS], and the Brauer
characters in [JLPW]. Using this information and Proposition 1.2, one can verify
that (G, x) satisfies one of the following conditions.

1) G = 4,L and deg x = 8. G has exactly 4 faithful irreducible characters o,
i=1,...,4, of degree 8. Here az = a1, as = a3, Qo) = Q(v/~=1,/5), and
o1,...,0q are algebraically conjugate. Set G1 = G -2y, @ = Indg1 (a1). Then
& € Irr(Gh), &|¢ = a1+aq, and Q(&) = Q(v/—5). Moreover, all prime reductions
of & are absolutely irreducible. Therefore, there exists a GIR of G of dimension
32, which affords the G;-character & + & (and the G-character oy + - -+ + a4).

2) G = 6L and degx = 6. G has exactly 2 faithful irreducible characters f3;,
i = 1,2, of degree 6. Here B, = f; and Q(8;) = Q(v/—=3). Set G2 = G- 2,
B = IndZ*(51). Then f € Irr(Ga), Bl = f1 + B2, Q@) = Q, and ind(f) = —1.
Moreover, the prime reductions 3 mod ¢ are absolutely irreducible (and are of
type —) if t > 5; if t < 3 then they are sums of two absolutely irreducible Brauer
characters, which cannot be written over the prime field F;. Therefore, there
exists a GIR V of G of dimension 24, which affords the Ga-character 26 (and
the G-character 2(81 + B2)). Observe that Gz < 6Suz -2 < 2Co;, and the
corresponding lattices are isometric to the Leech lattice.

3) G = 12;L and degx = 24. G has exactly 8 faithful irreducible characters
Y, 1 =1,...,8, of degree 24. Here

Qw)=Q (exp%z, \/:7) ,
and 71,...,7s are algebraically conjugate. All prime reductions v; mod ¢ are
absolutely irreducible. We do not know examples of GIR's of H > G, which
afford G-character x(y1 + - -+ + ¥s) for some x € N.
Theorem 1.3 is completely proved. |
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4. The groups SUsz(q)

4.1 DECOMPOSITION OF DELIGNE-LUSZTIG CHARACTERS. We keep the nota-
tion of §2. The twisted group G of Lie type %A, over F,, ¢ = p/, is defined by
means of the automorphism 7 : o; ¢ oy of the Dynkin diagram of type As, and
Frf where Fr denotes the Frobenius endomorphism Fr : X = (i) = X @) =
(z7;) of G. First, one extends 7 to an involutive automorphism of G by setting
m(X)=A- X1 A7 for X € G, where

1

In particular, 7(X) = diag(c™!,b7,a™!) for any X = diag(a,b,c) € T. Then 7
acts on X (T) via m(\) = Ao (r~ ) for any A € X(T). Set F = noFrf. Clearly,
# and Frf commute with each other, and F? = Fr?f. Now G is defined to be
GF = {X € G| F(X) = X}. Thus G is the group of all matrices X € SL3(q?)
which preserve the Hermitian form with matrix A4, i.e. G = SUs(g). Since T is
contained in the F-stable Borel subgroup

X ok %
B = 0 * x s
0 0 =

T is a maximally split torus. The maximal tori in G are of the form T.f', where
w € W, and it is known that |T}| = |det(wF —1)|x(r| (cf. [Car]). In particular,
|TF| = ¢% — 1, ITfo = (g + 1)2, where wy = — is the reflection corresponding
to the root ag = e; — e3, and lTsIf = g* — g+ 1, where s, is the reflection
corresponding to the root ay. Furthermore, G has three conjugacy classes of
maximal tori, with representatives 77, T,fo, and TSI: . Correspondingly, it suffices
to consider the Deligne-Lusztig characters Ry (1), Ru, (1}, and Rs, {1).

LEMMA 4.1: Forw € W, W(T,,)F := Ng(T,)¥' /TE is equal to

{u € W| [u, wwo] = 1}.

Proof: For any u € W, let the action of u on T" be induced by the permutation
matrix n,,. Then it is clear that Ny = MMy, Ty = Ny-1, (nu)(‘” = n,, and
A = ny,. By definition, T}, = g,,Tg,', where g, € G is such that g3! - F(g,) =
Nw. Now let g € Ng(T,,)¥. Then g = gy, - nyt - g7' for some ¢t € T and

u € W. But F(g) = g, hence we get ts! = n where s =

u—lwwouwo_lw—l ’
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n;;_lw_l(t“l)(q)nwo_lw_1 € T. Thus s = t, and [u, wwp] = 1. Observe that the

equality s = t is equivalent to ¢t = n, F(t)n !, i.e. gutgy! € TE. Conversely, if
u € W is such that [u, wwp] = 1, then setting g = gynugy" we get g € Ng(T,)F.

Now we want to decompose the Deligne-Lusztig characters R,,(r,s) = Ry (p)
= Ry (3, 1) (in the notation of [Jan 1]), u = (r,s) = rw; + swy, into irreducibles.
We shall make use of the following identities (cf. [Jan 1]):

(13) Rw (ﬂ) = Ruwwou— Lawg (uru‘)

for any u € W, and

(14) Rw(ﬂ) = Rw(,u' + (q - ww)”)

for any v € X(T).
First consider the characters R;(r,s) = R;(u) corresponding to the maximal
torus
T = {diag(a,a?",a" Y| a € F. }

of G, u=(r,s) € X(T).
LeEMMA 4.2: Each R;(p) is equal to exactly one Ry(a,b) with (a,b) satisfying

(15) 0<a<q—2-b 0<b<qg-2, (a,b)+#(0,0)
if p is regular, and

(16) (a,b) = (0,0), (c,g—1-¢), 0<Lc<Lg—1
if u is not regular.

Proof: (14) implies that Ri(r,s) = Ri(r',s') whenever r + ¢gs = 7' + g5’
mod(q? — 1) (in this case we write (r,s) ~ (r/,s’) for brevity), and (13) im-
plies that Ry (u) = Ri(wop). Writingr+s=to+(¢— 1)z, s+z =80+ (¢+1)y
with z,y, s0,t0 € Z, 0 < 59 < q, 0 < tg < g — 2, one sees that (r,s) ~1 (7o, S0)
with 79 = to — sg, whence Rj(r,s) = Ri(ro,s0). Thus one can suppose that
p=(rs) with0 <s<gqand 0<r+s<q—2 Ilfr>0then (r, s) satisfies
(15). Suppose 7 < —1 and r + s > 0. Then wo(u) ~1 (r',s') with r' = ¢ — s,
s’ = —r — 1; hence R;y(r,s) = Ri(r',s’) and (r',s") satisfies (15). Similarly, if
r < —1and r+ s = 0, then Ry(r,s) = Ry(r',s') for the same ', s’, and (r',s")
satisfies (16). Recall that here p is regular if and only if p o4, w(u) for any
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nontrivial w € W(T1)¥. Due to Lemma 4.1, the regularity of u = (r,s) is now
equivalent to that r + s # 0 mod (g — 1). Therefore our statement follows. ]

Recall that, in the notation of [Geck], Irr(G) consists of the following series of
irreducible characters:

(u,v)

— (v) (u)
Lo, Xaa-1) SE=Xe® Xgaogi1r Xg(g2-g+1) X(a-1)(@?—q+1)?

W (u) (w,1) (u,2)
Xgp+1 X(g+1)(g2-1)7 X(g-D(a>~q+1)/3" X(g+1)(e?-1)/3° X(g+1)(a*~1)/3"

Here, the last three series appear if and only if ¢ = —1 (mod 3), and the
lower indices indicate the degree of the characters. Now it is clear that each of
(g+1)(qg — 2)/2 characters X((;;)H is equal to one of Ry(a,b) with (a,b) satisfying
(15). It is not difficult to show that R;(0,0) = 15 + St and

Rl ((1, q-— 1- a) = XE;Z;;)—q-i—l) + X((Irznj()1+17

where 0 <a<g~landm,=a+1lorg—a.
Next we consider the characters R, (p). Arguing as in the proof of Lemma
4.2, we obtain

LEMMA 4.3: Each R, (u) with p regular is equal to exactly one R,,(a,b) with
(a, b) satisfying

(17) 1<aba+20<q+1, 2a+b<gq.

Let d = ged(3,q + 1). Then it is clear that each of ((¢+1)(¢ —2) + (3—d))/6
characters ngl))(qz_q 41) is equal to one of Ry, (a,b) with (a,b) satisfying (17).
It is not difficult to show that Ry, (0,0) = St — 2x4q-1) — Lo,

2
g+1 g+1 ()
R""’( 3’ 3 :Z()X<q~1>(q2—q+1>/s
w==

if d =3, and

R (0,0) = Xis? i) — X

where 0 <a<g—landn,=aorq—a+1.
Finally, we consider the characters R;, (1). Following the proof of Lemma 4.2,
we obtain

LEMMA 4.4: Each R, (p) with p regular is equal to exactly one R, (r,s) with
(r,s) satisfying one of the following three conditions:

(a) r=0,1<s<¢g-2
(18) (b) 1<7r<q-1,0<58<q—2,2r+s<q~-1,7+2s5<g~—1,
(¢) 4<r<q-1,2<5<q-3,2r+s>2¢+1,7+2s>2¢q~2.
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Each character XEZELI) (@2—1) 18 equal to exactly one R, (r, s) with (r, s) satisfy-
ing (18). Furthermore, it is not difficult to show that R, (0,0) = St+x4-1)—1c,
and (if d = 3)

{ra (S 50) (452 5)) -

2
{Z X(ZQ) e 2 XEZﬁ)(g?—l)/s} -
u=0 u=0

4.2 A CRITERION FOR GLOBAL IRREDUCIBILITY. Throughout this section we
suppose that G = GF = SUs(q), ¢ = p¥ > 2, and that a nontrivial irreducible
character x € Irr(G) leads to a GIR. By Proposition 1.2, for any arbitrary prime r
all irreducible constituents of x mod r are conjugate (over F, and under Aut(G)).
In particular, all irreducible constituents of x mod r have the same degree, which
divides degy. Every simple kG-module is isomorphic to exactly one L(\) with
A =(r,s) € X¢(T) (cf. §2), and the corresponding Brauer character is denoted
by ©(A) = ¢(r, s). The relation between ¢(A) and ((A) has been explained in §2.

COROLLARY 4.5: Suppose that ¢()\), @()\) are irreducible constituents of
x mod p, where A = (r,8) and N = (r',s') belong to X¢(T). Then r + s =
" + s mod (p— 1).

Proof: Consider the p-adic decompositions of the integers r,s: r = Zf o0 P'Ti,
s = Y/ p's;. By Lemma 4.1 [Tiep 3], the action of Out(G) on IBr,(G) is
generated by the map ¢(A) — o(¥(A)) = (7, 5), where

f-2

”:sf_1+Zpl+1ri, §:rf_1+Zpl+lsi.
=0 =0

In particular,

f-2
F4+8= (p’+1(ri+si))+(sf_1 +rs_q) =r+smod (p—1).

i=0

Therefore our claim follows from Proposition 1.2. | |

4.3 REDUCTION MODULO p. Recall we are assuming that a certain irreducible
complex character x of G leads to a GIR of H > G. It is well known that
St mod p (and of course 1 mod p) belongs to IBrp(G). In this subsection, using
reduction modulo p (the defining characteristic), we show that there are only a



Vol. 109, 1999 IRREDUCIBLE REPRESENTATIONS 247

few possibilities for x. A crucial ingredient of our arguments is Jantzen’s formula
for reduction modulo p of Deligne-Lusztig characters (cf. [Jan 1]), which states
in the case G = SUj3(g) that

(19) Ry(p)modp= > {(u(s— wrewgu) + qpu — p),
ueW
where
pu= > Wa €=uT'py

acSu~1{a)<0
In what follows we shall write Ry, (1) mod p as asum Yo, ((\*) and X* = (r?, s°).

LEMMA 4.6: x # X((;Z)H'

511;2{-1 for some u. Then, by Lemma 4.2, y is
equal to R;(r,s) with some (r,s) satisfying (15). According to (19), x mod p =
Y20 ¢V with AL = (r,s), A2 = (g—r—2,r+5), \* = (r +35,g— 5 —2),
M=@G-r—s—1,r=2),¥=(s—2,g—7—-5-1), 6 =(g—s5—-1,g—7—1).
Clearly, \* € X¢(T) for i = 1,2,3,6, or for i =4 and r > 2, or for ¢ = 5 and
s > 2. By Lemma 2.3, (()\*) is equal to 0 if r = 1 and —((X'4) if » = 0, where
N = (g ~5—2,0) € Xf(T). Similarly, (%) is equal to 0 if s = 1 and —¢((\5)
if s =0, where \® = (0,q —r — 2) € X4(T).

1) First suppose that » > 2 and s > 1. Then it is clear that xy mod p contains
@(r?, sty with i = 1,2, 3,4,6. By Corollary 4.5 we have 7+s = r* +s° mod (p—1)
for i # 5. This implies p = 2. In this case x(1) = ¢® + 1 is odd, hence each
deg ¢(r?, s*), being a divisor of x(1), must be odd for i # 5. Now using Lemma 2.5
and (5) we see that degp(a,b) is equal to 1 if (a,b) = (0,0), 3 if {a,b} = {0,1},
and 8 if (a,b) = (1,1). By Steinberg’s tensor product theorem the oddness
of degy(rt,s') forces (ri,s') # (1,1) mod 2. But one easily checks that this
condition cannot be simultaneously satisfied by ¢ = 1,2,3,6, a contradiction.
Similarly, the case where r > 1 and s > 2 is impossible.

2) Now we consider the case where r = 0 and 1 < s < ¢ — 2. Observe that
|A¥]2 > |A\4|2 for i = 2,3,6. Hence by Corollary 2.2 x mod p contains p(\*) for
all ¢ = 2,3,6. Applying Corollary 4.5 one sees that r* + s* mod (p — 1) are the
same for these indices ¢, therefore p = 2. But in this case for at least one index
i € {2,3,6} we have " = s* = 1 mod 2 and so degp()\*) is divisible by 8, again
a contradiction. Similarly, the case s = 0 is impossible.

3) We have shown that r = s = 1. In this case ¢ > 4 and y modp =
C(1,1) +¢(g—3,2) +( (2,9 — 3) + (g — 2,9 — 2). By Corollary 4.5, p— 1 divides

Proof: Assume the contrary: x = x
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2, i.e. p=2or 3. The case p = 2 cannot occur since x mod p contains p(1,1).
If p = 3, then x mod p contains ¢(q — 3,2), and degp(q — 3,2) is divisible by
deg ¢(0,2) = 6, while x(1) = ¢ + 1 is not divisible by 3. This final contradiction
completes the proof of Lemma 4.6. ]

Using Lemma 4.3 and following the proof of Lemma 3.5, we obtain

LEMMA 4.7: x # Xé;‘_”) Vg g 1)

LEMMA 4.8: y # XE;‘L)@LI).

Proof: Assume the contrary: x = Xg)_l)(qg_q +1) for some u. Then, by Lemma
4.4, x is equal to R, (r,s) with some (r, s) satisfying {18).

1) First we deal with the case of (18)(a). According to (19), x mod p
8 LN with Al = (=2,5+1), A2 = (g,s — 1), A3 = (s,g — s~ 2), A\ =
(g—8—2,0), ¥ =(s—1,g—35), \* = (¢g—s—1,¢g—1). Clearly, X\ € X(T) for
i > 1. Furthermore, by Lemma 2.3, {(A\!) = —((X'1), where A* = (0, s) € X{(T).
Since [A"1|; < |A?|; for i = 3,5,6, by Corollary 2.2, x mod p contains @(A¢) with
i =3,5,6. Applying Corollary 4.5, we obtain 0 = 1 mod (p — 1), i.e. p =2 (and
g > 4). In this case x(1) is odd, but either deg ¢(A3) or deg () is divisible by
deg p(1,1) = 8, a contradiction.

2) Next we consider the case of (18)(b). According to (19), x modp =
S0 ¢ with Al = (r—2,5+1), X2 = (g—r,r+5—1), \3 = (r+s,g—5—2),
M=(g-r—-5-2,71),¥=(s~—1,g—7-35), ¥ =(¢q—s—1,g—7—1). Clearly,
M € X;(T) for i # 1,5. If i = 1,5 then, by Corollary 2.3, either {(A\*) = 0 or
At € X¢(T). In particular, x mod p contains p(X*) with ¢ = 2,3,4,6. Applying
Corollary 4.5, we obtain 0 = 1mod (p— 1), i.e. p = 2 (and ¢ > 4). In this
case x(1) is odd, but at least one of p(\*), i = 2,3,4,6, has degree divisible by
deg ¢(1,1) = 8, again a contradiction.

3) Finally, we handle the case of (18){(c). Then x = R, (r,s) with1 < r < ¢g—4,
2<s8<q-3,2r+s<q-1,7r+2s < qg—1. According to (19), x mod p =
ZZ_IC(/V) with Al = (r+1 s=2), A =(q—r-2,7+8), = (r+s5—1,g—5),

=(g-r~-57-1), X =(s,q—r—5-2), 8 =(¢g—-s~1,g—r—1). Clearly,
/\i € X4(T) for any i, and so x mod p contains p(A*). Applying Corollary 4.5,
we obtain 0 = 1 mod (p—1), i.e. p=2 (and ¢ > 4). In this case x(1) is odd, but
at least one of ¢()\?), i = 1,2,3,6, has degree divisible by degy(1,1) = 8. This
contradiction completes the proof of Lemma 4.8. ]
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LEMMA 4.9: x;éx (@2—g+1)? X unlessq:p:3andx:x(2)

)
~-q+1’ q?—q+1-

Proof: 1) First assume that x = XS;(L)

?—a+1) for some u. Then, by the results of
§4.1 and (19),

x mod p = %(Rwo(s70)+Rl(q—sa5_1)) mod p
=¢g—s,s—1)+C((s-2,g-1)+Cg-s-1,5-2)+((g—1,g—s—1)

forsome s, 1 <s<gq Ilf s=1, then ymodp = {(¢g—1,0) +{(g— 1,9 — 2).
In particular, x mod p contains ¢(g — 1,0), whose degree is (ﬂ(’—’;ﬁ)f, and
o{g — 1, — 2), whose degree is ﬂl’—_—lémp:i(f_l). By Proposition 1.2,
deg p(q — 1,0) = degyp(q — 1, — 2), hence ¢ = 2, contrary to our assumption.
The case s = ¢ can be excluded in the same way.

Thus we can suppose that 2 < s < g — 1. In this case y mod p = Zf L CO)
with \! = (g—s,5-1), A2 = (s-2,¢9—1), A3 = (g—1,g—s—1), \* = (g—s—1,5-2).
Clearly, X' € X(T) for any i, and so x mod p contains ¢(X*). Applying Corollary
4.5, we obtain s = Omod (p— 1) and (p — 1)|2 , ie. p =2,3. If p = 2 then
deg p(A!) = 37, while either deg ¢(A\?) or deg p(A3?) is divisible by deg ¢(1,1) = 8,
contrary to Proposition 1.2. It remains to consider the case p = 3. If s # (¢+1)/2
then deg (A1) is divisible by deg ¢(0,2) = 6, while x(1) is odd, a contradiction.

If s=(q+1)/2, then
1 (9-la-1
v ()

is invariant under Aut(G) and Fr. In particular, ¢()3) is not conjugate to @(A!),
contrary to Proposition 1.2.

2) Next we assume that x = X( u) gt for some u. Then x is an irreducible Weil

character of G, and hence our statement follows from §4 of [Tiep 3]. 1
LEMMA 4.10: If x = Xq(q—1), theng=porg= p2.
Proof: Again, X4(q—1) is an irreducible Weil character of G = SUj(q). Hence
our statement follows from §4 of [Tiep 3. |

Following the proof of Lemma 3.11, we obtain

LEMMA 4.11: Suppose that ¢ = ~1 (mod 3) (and ¢ > 2). Then

(u,v)

()
X # Xghay@—astye Xigibe-1)/3-
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COROLLARY 4.12: Let x € Irr(G), where G = SU3(q) and q¢ = pf > 2. Then
x mod p is absolutely irreducible if and only if either x € {1g, St}, or ¢ = 3 and
X= XEI%)—Q-H'

4.4 PROOF OF THEOREM 1.4. Assume that G is a covering group of L =
PSU3(q), ¢ = p’, and that a nontrivial character x € Irr(G) leads to a GIR of
H, H > G. Since Mult(L) = Zgcq(3,g+1), it is clear that G is a factor group
of SU3(q), and so without loss of generality one can suppose that G = SU3(g).
By the results of §4.3, either f < 2 and x = X4(q-1), OF X = St, or ¢ = 3 and
X = X§22)—q +1- The first possibility can in fact be realized, and the corresponding
global irreducibles were constructed by Gross in [Grol; see the discussion in §1
after Theorem 1.4. The second case is impossible since there always exists an odd
prime £ such that St mod £ contains the trivial character (cf. [Geck]). Finally,
the third case cannot occur, since X((fz)_q +1 mod 2 contains the trivial character
when g = 3 (cf. [ATLAS)).

Theorem 1.4 has now been completely proved. 1
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