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ABSTRACT 

The notion of globally irreducible representations of finite groups 
was introduced by B. H. Gross, in order to explain new series of 
Euclidean lattices discovered by N. Elkies and T. Shioda using Mordell- 
Well lattices of elliptic curves. In this paper we classify all globally irre- 
ducible representations coming from projective complex representations 
of the finite simple groups PSL3(q) and PSU3(q). The main result is that 
these representations are essentially those discovered by Gross. 

1. Introduction 

In [Tho] J. G. T h o m p s o n  initiated the s tudy of pairs (G, A), where G is a finite 

group and A a G-module,  which is a free Z-module of finite rank > 1, tha t  satisfy 

the following condition: 

(1) A/pA  is an irreducible FpG-module  for all primes p. 

At  present there are known only a few examples of such pairs (cf. e.g. [Gow]). 

A general izat ion of (1 ) - - the  notion of g l o b a l l y  i r r e d u c i b l e  representations 
(abbreviated as G I R ' s ) - - w a s  introduced by B. H. Gross [Gro] in order to explain 

new interesting series of Euclidean lattices discovered by N. Elkies and T. Sh- 

ioda [Elk], [Shi] using Mordell-Weil lattices of elliptic curves. For the reader 's  

convenience we recall the precise definition of GIR's .  
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Definition 1.1 [Gro]: Let G be a finite group, V a finite dimensional QG-module. 

Assume that  
(i) The RG-module V ®Q ~ is irreducible. 

This condition implies that  the commuting algebra, 

~[ = End~:~(V) -- {~ e EndQ(V) I Vg e G, ~g = g~}, 

is either Q, or an imaginary quadratic field, or a definite quaternion algebra. 

Fix a maximal order (i.e. a maximal subring which is a free Z-module) R in 

K and choose an RG-lattice in V, that is, a free Z-submodule A in V of rank 

= dimQ(V) which is stable under the multiplication by R and the action of G. 

For each maximal two-sided ideal p of R, we define the reduced representation 

V~ = A / ~ A  of G over k~ = R / p .  If, in addition to (i), V satisfies the following 

condition: 
(ii) For a l l  maximal two-sided ideals p of R, the representation V~ of G is 

irreducible over k~, 
then V is said to be g lobal ly  i r reducible .  

We shall frequently use the following necessary condition for global irreducibil- 

ity (cf. [Tiep 1, Proposition 2.8]). Here and below, the words "¢ leads to a GIR 

..." mean that  ¢ C Irr(G) is an irreducible constituent of )dG, where X is the 

character of a certain GIR V for some larger group H with G <1 H. 

PKOPOSITION 1.2 [Tiep 1]: Let G be a finite group and ¢ e Irr(G). Assume 

that ¢ leads to a GIR. Then for every rational prime r, there is an absolutely 

irreducible Brauer character p of  G such that ¢ - Pl + "'" + ps(modr), where 

P l , . . . ,  Ps are some conjugates (over ~ and under Aut(G)) of p. In particular, all 

irreducible constituents o r e  mod r have the same degree, and this degree divides 

¢(1). 

For a survey on the currently known classes of GIl:t's as well as the corre- 

sponding lattices the reader is referred to [Gro], [Tiep 1]. All GIR's coming from 

projective irreducible representations of the finite simple groups L2 (q) and 2B2 (q) 

are determined in [Tiep 1]. The case B2(q) has been treated in [Tiep 2]. 
The goal of this paper is to prove the following theorems, which determine 

all GIR's coming from projective irreducible representations of the finite simple 

groups L3(q) = PSL3(q) and PSU3(q). The ordinary irreducible characters of 

SL3(q) and SU3(q) are determined by W. Simpson and J. S. Frame in [SiF] (cf. 

also [Geck]), and we shall keep the notation for irreducible characters of SL3(q) 

and SU3(q) of this paper. Furthermore, the notation for finite simple groups, 

their coverings and extensions are taken from [ATLAS]. 
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THEOREM 1.3: Suppose that V is a faithful GIFt for a finite group H with 

character X, and that H has a normal subgroup G which is a covering group of 

the finite simple group L = Au(q) = PSL3(q), where q = pf ,  p is a prime. Then 

p = 2 and one of the following holds. 

(i) q = 2, G = SL3(2) ~- PSL2(7),  Xc = a(A + A), where t¢E N, A E Irr(G),  

deg A = 3. 

(ii) q = 4, G = 41 - L3(4), Xv = ~(a l  + a2 + a3 + Or4), where ~ • N and ai ,  

i -- 1, 2, 3, 4, are  the only irreducible characters of  G of  degree 8. 

(iii) q = 4, G = 6 .  L3(4), Xa = ~(~1 + ~2), where ~ • N and f~i, i = 1, 2, are 

the only irreducible characters of  G of  degree 6. 

(iv) q = 4, G = 121. L3(4), )~c = ~(71 + 72 + " "  + 7s), where ~ • N and 7~, 

i = 1 , . . . ,  8, are the only irreducibIe characters of  G of  degree 24. 

Conversely, there  exist GIFt's of H with (G, XIc) as described in (i), (ii), (iii), 

and (g ,  ~) = (G, 1) in case (i), (H, ~) -- (G-  21, 1) in case (ii), and (H, ~) = 

(G .  22,2) in case (iii). 

As can be seen from Theorem 1.3, all GIR's  coming from project ive irreducible 

representat ions of the finite simple group L3(q) are related to the exceptional  

behavior  of the Schur multiplier of L when q = 2, 4. It is well known tha t  

Mul t (L)  is equal to Zgcd(3,q_l) if q ¢ 2,4, Z2 if q = 2, and Z4 x Z12 if q = 4. 

The  6-dimensional SL3(2)-lattice A coming up in 1.3 (i) arises from the the t a  

polar izat ion of the  Jacobian of the complex curve X with equat ion x y  3 + yz  3 + 

zx  3 -- 0 (cf. [Gro]). This  latt ice has the following invariants: de tA  -- 73, 

Ant(A) = 2 x PGL2(7) ,  minA = 4. 

The  24-dimensional 6 -  L3(4)-latt ice arising in 1.3 (iii) is the famous Leech 

lattice. 

At present  we do not  know much about  the 32-dimensional 4- L3(4) - 2-latt ice 

arising in 1.3 (ii). We conjecture tha t  it has de terminant  1016. 

THEOREM 1.4: Suppose that V is a faithful Gilt  for a finite group H with 

character X, and that H has a normal subgroup G which is a covering group of  

the finite simple group L = 2A2(q) = PSU3(q), where q = pl  > 2, p is a prime. 

Then f ~ 2, G = L, X[a = 2~Xa2-q, where ~ • N, and Xq2_q is the unipotent 

cuspidal character of  G of  degree q2 _ q. Conversely, i f  f < 2 then G has a 

globally irreducible representation with character 2Xq2_q. 

In part icular ,  Theorem 1.4 shows tha t  all GIR's  of SU3 (q) are exhausted by 

those discovered by Gross in [Gro]. A Mordell-Weil  model  for the lattices A in 

the corresponding globally irreducible modules has been obtained by Elkies (cf. 
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[Gro]). Let E be a supersingular elliptic curve over F@ with Frobenius endo- 

morphism equal to - q  and End(E) a maximal order in the quaternion algebra 

ramified at p and oc. Let X be the Fermat curve of exponent q + 1 in characteris- 

tic p and Jx denote the Jacobian of X. Then A = Hom~q2 (Jx, E). (Clearly, the 

group PU3(q) acts on X and so on A.) As is shown in [Gro], detA is 1 i fq  =p2 ,  

and pp(p-1) if q = p. These lattices have been given a detailed investigation by 

N. Dummigan [Dum 1], [Dum 2]. 

A crucial ingredient of our proofs is Jantzen's formula on reduction modulo p 

of Detigne-Lusztig characters [Jan 1], [Jan 2], which enables one to exclude the 

majority of the irreducible characters of SL3(q) and SU3(q). Then one applies 

the results in [Geck], [Jam], [JLPW] on modular representations in non-defining 

characteristics to deal with the remaining characters. 

The remaining finite groups of Lie type of rank 2 are considered in forthcoming 

papers. 

2. Pre l iminar i e s  

Our proof is heavily based on the representation theory of Chevalley groups in 

their defining characteristic (see e.g. [Jan 1]). Let G be the connected, simply 

connected, and semisimple algebraic group of type A2 defined over Fp; k = Fp, 

T -- {diag(a, b, c)l a, b, c • k, abc = 1} a maximal torus in G, defined and split over 

Fp, W the Weyl group of G with respect to T. We realize a basis S for the root 

system of G with respect to T in standard way: S -- {c~l -- el - e 2 ,  a2 -- e2 - e3} ,  

where {el, e2, e3} is an orthonormal basis of R3. Then the fundamental weights 

wi ---- co~ corresponding to ~ • S are equal to 

1 1 2 1 1 
091 = ~ ( 2 e l  --  e 2 - e 3 )  = 5 (  °tl 2r-012) , 022 = 5 ( e l  --}-e 2 - - 2 g 3 )  = ~(Otl --~20~2). 

Set p = wl + w2 = el - e3. The symbols X(T) and X(T)+ denote the group of 

characters on T and the set of dominant weights, respectively. For f • N denote 

Xy(T) = { E m~w~' O < m~ < pY for all a E S }. 
dES 

We shall use the following order relation < on X(T):  ,~ < # if and only if there 

are non-negative ms  E Z such that  # - ,~ = ~ a e s  mad.  In our particular case 

of type A2, we write every weight ~ = rwl + sw2 in the form A = (r, s) and define 

the following parameters of ~: 

(2) 1,~}1 = 2 r + s ,  ] )~12=r+2s,  [ , ~ ] = ( r 2 + r s + s 2 + 3 ( r + s + l ) ) ( m o d 3 p Z ) .  
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Of course, 
2r + s r + 2s 

/~ : r021 -F 8022 - -  3 °~1 -~- T O~2" 

Hence, for A, p E X(T) we have 

A > ,  ¢, ,f I~l~ - I,l~ e 3z, (3) 
- I l~,l~ -> ]~l~, I.~12 _> l~l~- 

It is well known that for each A E X(T)+ there exists a unique simple kG- 

module L(A) with highest weight A. Furthermore, if G = 6 F = SL3(q), q = pS 
(F = Fr S and Fr denotes the Frobenius endomorphism x = (xij) ~-~ (x~j) of G), 

then every simple kG-module is isomorphic to exactly one L(A) with A = (r, s) E 

XI(T ). The corresponding Brauer character will be denoted by p(A) = ~(r, s). 

For A C X(T) define the formal Brauer character ~(A) as follows. If A C X(T)+ 
then ~(A) is the character of the so-called W e y l  m o d u l e  V(A) with highest 

weight A. IrA E X(T) and there exists w C W with woA := w(A+p)-p E X(T)+, 
then C(A) = det(w)¢(woA); if not, then ¢(A) = 0. It is known that for A e X(T)+ 
one has 

(4) ¢()') = ~(A) + E d~,.~(#),  
peX(T)+ ,tt<), 

where d~,~ > 0. Moreover, the l inkage p r inc ip le  states that  if in (4), d~,~ > 0, 

then A and # are l inked,  i.e. there exists w E Wp such that # = w o A. Here, the 

affine Weyl group WB is generated by the maps 

s~,z o A = s ~  o A + lpa, 

where c~ C S, l E Z and s~ denotes the usual reflection corresponding to a. 

Immediately we have the following statement: 

L E M M A  2.1: If  A,# E X(T)+ are linked, then [A] = [/~]. 

Proof: For brevity we write [A[ 2 instead of (A, A). The parameter [A] is in fact 

defined as 3 I A + p l2(mod3p) (see (2) for the definition of [A], [A[i). Furthermore, 

for a E S, 1 C Z one has 

Is~,~ o A + pl 2 = IA + pl 2 + Z~p21al~ + 21p(s~(A + p), a). 

Observe that  [al 2 E 2Z and 

2(~ + p , ~ l , a ~  (,~(~ +~),~) = (~+~) ~--~ ] = - (~+p ,~)  e~. 

Therefore, [sa,t o A] = [)~], as stated. 
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COROLLARY 2.2: Suppose that A = (r, s) E X(T)+ and A' = (r ' ,  s') E X(T)+. 
Then ~(A') does not occur in ((A), if any of the following conditions holds. 

(i) IA'[i > IAli for some i =  1, 2. 

(ii) [A'] ¢ [A]. 

We are going to use Corollary 2.2 for G -- SL3(q), SU3(q) with q = p S  and 

), E Xf  (T).  In this case (4) gives us all composi t ion factors of the G-module  

V(A). 

The  following lemma is useful for comput ing ((A) = ~(r, s) with A ~ X ( T ) + :  

LEMMA 2.3: Suppose tha t  r, s E Z, but A ~ X(T)+. 
(i) If (r, s) belongs to the region (I) = {(r, s)] r _< - 2 ,  r + s _> - 1 } ,  then 

¢ ( r ,  s )  = - ¢ ( - r  - 2, ~ + s + 1). 

(ii) If(r, s) belongs to the region ( I I ) = {(r, s)[ r <_ - 2 ,  s <_ - 2 } ,  then ~ ( r, s) = 

- ~ ( - s  - 2 , - r  - 2). 

(iii) I f (r ,s)  belongs to the region ( I I I ) =  {(r,s)i  s < - 2 ,  r + s >_ - 1 ) ,  then 

¢ ( r ,  ~) = - ¢ ( r  + s + 1, - s  - 2).  

(iv) I f  (r,s) belongs to the region (d)  = {(r,s)[ r + s < - 3 ,  r > 0}, then 

¢ ( r ,  s )  = ¢ ( - ~  - s - 3, ~).  

(v) I f (r , s )  belongs to the region (B) = {(r ,s)]  r + s _< - 3 ,  s > 0}, then 

¢ ( r ,  s)  = ¢ ( s ,  - r  - s - 3).  

(vi) Otherwise ~(A) = 0. 

Proof'. For example,  we consider the case where there exists w E W with 

det(w) -- - 1  and w o A E X(T)+. For definiteness suppose tha t  w : el  ++ 

e2, e3 ~-+ e3. Then  

W(0J1) = W2 --  0)1, W(Ld2) ~--- W2, 

w ( A + p ) - - p =  ( - - r - - 2 ) W l + ( r + s + l ) w 2 ,  

and we come to conclusion (i). The  remaining elements of W are t rea ted  in a 

similar way. I 

COROLLARY 2.4: I rA = (r ,s)  ~ X(T)+ and r,s > - 1 ,  then ~(r,s) = O. 

The  dimension of the Weyl module V(r, s) is given by the following formula 

( see  e .g .  [OnVl) :  

(r  + 1)(s + 1)(r  + s + 2 )  
(5) deg ~(r, s) = 2 

Fur thermore ,  the decomposi t ion of V(A) =- V(r, s) with A E XI(T) into simple 

modules  is described by the  following statement:  
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LEMMA 2.5 [Jan 2]: I fO < r ,s  < p - 1 and either  r + s < p - 2, or r = p - 1, 

o r s - - p - I ,  t h en~ (A)  = ~(A). I f  O < r ,s  <_ p -  2 and r + s > p - l ,  then 

~(r, s) -- ~(r ,  s) + ~(p  - 2 - s, p - 2 - r) .  

Using L e m m a  2.5, formula  (5) and Steinberg 's  tensor  p roduc t  theorem,  one 

can de te rmine  the  dimensions of all s imple kG-modules  L(A), A C X I ( T  ). 

3. T h e  g r o u p s  SLa(q) 

3.1 A CRITERION FOR GLOBAL IRREDUCIBILITY. Th roughou t  this section we 

suppose  t h a t  G = ~ F  ~__ SL3(q), q = p I ,  and tha t  a nontrivial irreducible charac-  

ter  X E I r r (G)  leads to a GIR. By Proposi t ion  1.2, for any a rb i t r a ry  p r ime  r all 

i rreducible const i tuents  of X m o d  r are conjugate  (over F~ and under  Au t (G) ) .  

In par t icular ,  all i rreducible const i tuents  of X m o d  r have the same  degree, which 

divides deg X. By L e m m a  3.1 [Tiep 3], the  act ion of Out (G)  on IBrp(G)  is gener- 

a ted  by the  Frobenius  endomorph i sm F r  and the g raph  a u t o m o r p h i s m  0)1 ++ w2. 

Using this fact  and following the  proof  of Corollary 2.7 [Tiep 2], one gets 

COROLLARY 3.1: Suppose  that  (p(A), (p(A !) are irreducible const i tuents  o f x  m o d  

p, where A = (r, s) and A' = (r', s') belong to X I ( T ) .  Consider the p-adic 

decomposi t ions o f  the integers r, s, r !, s' : 

f--1 f--1 f--1 f--1 

r, Z , ,  ?" ~ piri, s = P i, = P ri, = P si. 
i=0 i=0 i=0 i=0 

Then  there exists a cyclic permuta t ion  7r o f  indices O, 1 , . . . ,  f - 1 such t ha t  either 

( 4 ,  s l , . . . ,  = s , ( 1 ) , . . . ,  

Or 

(1"0, ? ' i , " " " ,  ? ' f - - l )  --~ (S~r(0)' 87r(1) '""" '  Sir(f-- l ) ) '  
] I 

( 8 0 , s 1 , . - - , 8 3 _  1 ) = ( rTr (0 ) , r~ r (1 ) , . . . , rw( f_ l ) ) .  

There  exists an integer  a, 0 < a < f - 1, such tha t  ei ther  r' - par m o d  (q - 1) 

and  s ! - pa s  m o d  (q - 1), or r' =- pas m o d  (q - 1) and s' = par m o d  (q - 1). In  

particular, r '  + s '  - v + s m o d  (p - 1). 

3.2 DECOMPOSITION OF DELIGNE-LUSZTIG CHARACTERS. In  order  to effec- 

t ively use Corol lary  3.1 and  Jan tzen ' s  reduct ion formula,  one has  to  decompose  

the  Oel igne-Lusz t ig  charac ters  R~(r ,  s) = P ~ ( ~ )  = P ~ ( a ,  #) (in the  no ta t ion  of 
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[Jan 1]), # = (r, s) = rw~ + sw2, into irreducibles. Denote simple reflections of 

W by 

Sl : e l  ~-~ e 2 , e 3  ~-~ 133, 82 : c2 ~-~ e 3 , e l  ~ e l .  

Furthermore,  set wo : el ++ e3, e2 ~ e2, d = gcd(3, q - 1). 

First  consider the characters RI (#)  corresponding to the maximal  torus 

T1F = {x  = d iag(x1 ,x2 ,x~1x21) l  xi e Fq} 

of G. Choose/3  E Fq~ and 3' • Fq3 such that  F~2 = (j3}, 171 = q2 + q + 1, and set 

a = t3 q+l . Furthermore,  denote 

[ 2 7 r i ~  [ 27ri "~ ( 27ri ) 
= e x p  = e x p  = e x p  q + 1 

If  # '  = (r ' ,  s ' ) ,  then R I ( # ' )  is determined via the character  0(#')  which acts on 

T F as follows: 

0(# ') :  d iag(a  kl , a k2 , a - k l - k2 )  ~-~ e kl(r'+s')+k2s' • 

For any w • W,  we write # '  . -~  #"  if the actions of 0(#')  and 0(#")  on T ~  are 

identical. 

LEMMA 3.2: Each R I ( # )  with # regular is equal to exactly  one Rl(r ,  s) with 

(r, s) satisfying 

(6) l <<_ r , s , r  + 2s <_ q - 1 ,  2r + s < q -  2. 

Proof: Assume tha t  # = (r, s) is regular. One can suppose tha t  1 < r, s < q - 2 

and r + s  7~ q - 1 .  I f r + s  _> q, then for w0(#) = ( - s , - r )  N1 ( q - l - s ,  q - l - r )  one 

has (q - 1 - r) + (q - 1 - s) _< q - 2. We know tha t  bo th  # and w0(#) are regular, 

and the scalar p roduc t  ( R l ( # ) , R l ( w 0 ( # ) ) ) a  is at least 1. Therefore, R I (# )  = 

Rl(WO(#)).  Replacing # by w0(#), one may suppose tha t  1 < r , s , r  + s < q - 2. 

Suppose tha t  r + 2 s  >>_ q. If  r < s, then for sis2 (#) = ( - r - s ,  r) ~1 ( q - 1 - r - s ,  r) 

one h a s ( q - l - r - s ) + r < q - 2 ,  ( q - l - r - s ) + 2 r < q - 1 .  I f r > s ,  then 

f o r  8281 (#)  ~- (8, --r -- S) ~'01 (8, q - 1 - r - s) one has s + (q - 1 - r - s) _< q - 2, 

s + 2 ( q - l - r - s )  <_ q - 2 .  Therefore, replacing # by s is2(#)  or S2Sl(#) if necessary, 

we can suppose tha t  # = (r, s) satisfies the condition 1 < r, s, r + 2s < q - 1. 

Assume in addi t ion now tha t  2r + s > q - 1. Then  for s2s l (#)  = (s, - r  - s) "~1 

( s , q -  1 - r - s )  one has s + 2 ( q -  1 - r - s )  < q -  1, 2 s + ( q -  1 - r - s )  <_ q -  1. 

In fact 2s + (q - 1 - r - s) _< q - 2, since the equality 2s + (q - 1 - r - s) = q - 1 

would imply tha t  r = s = ( q - 1 ) / 3  and s2sl(#)  = #, contrary to the regulari ty of 



Vol. 109, 1999 IRREDUCIBLE REPRESENTATIONS 233 

#. Replacing now # by 8281(~t), we reach the effect that # satisfies (6). Finally, 

direct calculations show that all t~ = (r, s) with (r, s) satisfying (6) are regular 

and pairwise W(T1)F-inequivalent, as stated. | 

Each Rl(r,  s) with (r, s) satisfying (6) is equal to exactly one of the characters 
X(~,v,w) (q+l)(q2+q+l) of degree (q + 1)(q 2 + q + 1). Recall that, in the notation of [SiF], 

Irr(G) consists of the following series of irreducible characters: l c ,  •q(q-[-1), S t  7- 
. (4) . (4) ( . . . .  w) . (~) ~ ( 4 )  _ (~) 

Xq 3 , Xqe_bqq_ l , Xq(q2_l_q+l), X(q4_ 1)(q2_[_q_kl ) , )(_q3_ 1, A(q_ 1)(q2-1), X(q4-1)(q24:-q-bl)/3, 

)¢(~) and "fl~)' Here, the last three series appear if and only (q--1)(q2--1)/3 A.(q-1)(q2--1)/3" 
if q -- l(mod3), and the lower indices indicate the degree of the characters. 

Furthermore, it is not difficult to show that 

/ ~ 1 ( 0 , 8 )  . ( q - - I - - s )  . ( q - - l - - s )  
~- Xq(q2_bq~_l) Jv Xq2q._q_kl 

i f l < s < q - 2 ,  

2 

R 1  ' 5 ' "3 = ~ X(q-bl)(q2-bq-{-1)/3 
4~0  

(if q = l(mod3)),  and 

R1 (0, O) = St -t- 2Xq(q+l) -t- 1G. 

The character R~, (#), # = (r, s), corresponds to the maximal torus T F which 81' 
is conjugate to 

{x = x(k) = diag(13 k,/3 kq, 13-k(q+l))[ 0 < k < q2 _ 1}, 

and the character 8(#), which acts on Tff as follows: 0(#) :x(k) ~-~ @(r+~(q+l)). 

Arguing as in the proof of Lemma 3.2, we obtain 

LEMMA 3.3: Each R~, (#) with # regular is equal to exactly one R~  (r, s) with 

(r, s) satisfying 

(7) l < r < q - l , O < s < q - l - r .  

Each Rsl (r, s) with (r, s) satisfying (7) is equal to exactly one of the characters 

X(4) Furthermore, it is not difficult to show that  Rs I (0, 0) = St - 1a, and q3--1" 

R s ,  ( 0 ,  s )  = . . ( q - l - s )  . ( q - l - s )  
Aq(q2+q+l ) - -  Xq2+q+l 

i f l < s < q - 2 .  
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The character R8182 (#), # -- (r, s), corresponds to the maximal torus T F 8182 ' 

which is conjugate to 

{y : y(k) : diag(vk,Tkq,vkq2)[ 0 < k < q2 + q +  1}, 

and the character 0(#), which acts on T F as follows: 0(#) : y(k) ~-~ T k(r+s(q+l)). 8182 

Following the proof of Lemma 3.2, we obtain 

LEMMA 3.4: Each R8182 (#) with # regular is equal to exactly one Rs182 (r, s) 

with (r, s) satisfying one of the following three conditions: 

(a) r = O ,  l < s < q - 1 ,  
(8) (b) l < r < q ,  0 < s < q - 1 ,  2r+s<_q,  r+2s<_q,  

(c) l < r < q ,  0 < s < q - 2 ,  2 r + s > _ 2 q + 3 ,  r+2s>_2q.  

Each character ~/(u) is equal to exactly one Rs~82(r,s) with (r,s) /t(q--1)(q2--1) 

satisfying (8). Furthermore, it is not difficult to show that 

R8182 (0, 0) = St - Xq(q+l) + la,  

and (if q = l(mod3)) 

3 ' 5 ,R8.1  - i f '  3 = 

} ~ V " .  (~) X- ' .  (~)' 
"~ ~ X ( q - - 1 ) ( q 2 - - 1 ) / 3  ' ~ / ~ ( q - - 1 ) ( q ~ - - l ) / 3  • 
ku=0 u=0 

3.3 REDUCTION MODULO p. Recall we axe assuming that a certain irreducible 
complex character X of G leads to a GIR of H I> G. It is well known that  

St  rood p (and of course l a  mod p) belongs to IBrp(G). In this subsection, using 

reduction modulo p (the defining characteristic), we show that there are only a 

few possibilities for X. A crucial ingredient of our arguments is Jantzen's formula 

for reduction modulo p of Deligne-Lusztig characters (cf. [Jan 1], [Jan 2]), which 

states in the case G = SL3(q) that  

R~(#) mod p = E if(u(# - we~oo~) + qP~ - P), 
u E W  

(9) 

where 
P u  ~" E 03 a , E u = U -- I Pu"  

aES,u- l (a )<0  

In what follows we shall write R~o(#) mod p as a sum ~i=1 ~()~ i) and = (r~,si). 

In general, (9) expresses R~ (/z) mod p as a linear combination of characters of 
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Weyl modules ,  some of which may  occur with negative coefficient. Using this 

informat ion  and the  results of §3.2, for most  of ¢ C Ir r (G)  we single out cer- 

ta in  irreducible const i tuents  of ¢ m o d  p and then apply  Corol lary 3.1 to these 

cons t i tuents  to show tha t  ¢ cannot  be a candidate  for our X. 

( . . . . .  ) 
LEMMA 3.5: X ~£ X(q+l)(q2+q+l)" 

(U~A~W) Proof: Assume the  contrary:  X = X(q+l)(q2+q+l) for some u , v , w .  Then,  by 

L e m m a  3.2, X is equal to Rl(r,s) with some (r, s) satisfying (6). Due to (9), 
6 X m o d  p = ~-~i=1 ~(A~), where all the weights A 1 = (r, s), A 2 = (q - r - 1, r + s), 

A3 = ( r  + s ,  q _ ~ _ 1 ) ,  ~ 4  = (8 ,  q - ~ - ~ - 1 ) ,  ~ 5  __ (q  _ ~ _ 8 - 1,  ~ ) ,  ~ 6  _ _  

( q -  s - 1 , q - r -  1) belong to Xf(T).  
1) If X m o d p  = }--~n m=l ~ 9rn wi th  ~,~ E IBrp(G),  then, by our hypothesis ,  

D = deg qol . . . . .  d e g ~ n  divides the integers d e g x  = (q + 1)(q 2 + q + 1) and 

deg ((Ai),  i = 1 , . . . ,  6. This  condit ion implies tha t  

(10) 
if t is a pr ime divisor of D, then  

ei ther  t = 2, or t = 3l(q - 1), or tl(q + 1). 

In par t icular ,  

(11) D divides 3(q + 1). 

2) In wha t  follows we shall use the p-adic decomposi t ions  of r,  s, r + s: 

f--1 f--1 f--1 

r =  E p i r  j, s =  E p J s  j, r + s =  E p J t  j 
j =0 j=0  j =0 

(0 ~ rj ,sj , t j  < p -  1). Also, we put  

! ! rj = p - - l - - r j ,  8j = p - - l - - s j ,  
! tj = p -  1 - t j .  

Observe  t ha t  p ~ 2. Indeed,  if p = 2, then  d e g x  and D are odd. Hence, 

(rj,sj) ~ (0,0),  (1, 1), which implies tha t  tj = rj + sj -- 1. In this case, ei ther  

deg ~(A 2) or deg ~(A3) is divisible by deg ~(1, 1) = 8, a contradiction.  

3) Next  we show tha t  

( 1 2 )  1 < r j ,  8 j ,  t j  < p - 2 .  

Indeed,  if rj = 0, then  r~ = p - 1, which implies tha t  deg ~o(A 6) is divisible by 

d e g  V ( s ~ , p  - 1)  ("j)  = p ( s }  + 1 ) ( p  + 8 3 + 1)  
2 
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i.e. p]D, contrary  to (10). If r j  = p - 1, then deg~(A 1) is divisible by p. Other  

possibilities sj,  tj  E {0,p - 1} are excluded in a similar way. 

4) Here we observe tha t  p > 5 and f > 2. Indeed, if p = 3, then from (12) 

it follows tha t  r j  - - - -  Sj = 1 for all j .  But  in this case one has tj  = 2 = p -  1, 

contrary  to (12). Suppose tha t  q = p > 5. Then  from (6) it follows tha t  

1 < r, s, r + s < p - 3. By Corollary 3.1 we have 

r + s -- s ------ r -- - r  -- - s  ---- - r  - s mod ( p -  1), 

i.e. r -- s - 0 rood (p - 1), a contradiction. 

5) This  step is to eliminate the cases p -- 5, 7,11, 13. First  suppose p -- 5. 
f - 1  By (12) and (11), 1 _< r j , s j  ~ 3 and D = l-[j=0 d e g ~ ( r j , s j )  divides 3(5 y + 1). 

The  equali ty deg~(1 ,  1) = 8 forces ( r j , s j )  ~ (1, 1). Hence, d e g ~ ( r j , s j )  > 15 

and so D ~ 15 y > 3(5 y + 1), a contradiction. Second, suppose p = 7. Then  

1 < r j , s j  _< 5 and Drdivides  3(7 y + 1). If f is even, then deg~(1 ,1 )  :- 8 

does not  divide 3(7 y ÷ 1). Hence, ( r j , s j )  ~ (1, 1) for all j ,  which implies tha t  

D ~ 151 > 3(7 y ÷ 1), a contradiction. If f is odd, then 3(7 y + 1) is not divisible 

by 16. Therefore,  (rj, sj) can be equal to (1, 1) for at most one index j .  This  

forces D > 8 • 15 y-1 > 3(7 y T 1), again a contradiction. Next, assume p = 11. 

Then  1 < rj,  sj _< 9 and D divides 3(11Y + 1). Since 3(111 + 1) is not divisible by 

5 and by 8, (rj, sj) ~ (1, 1), (1, 2), (2, 1). Hence deg ~(rj ,  sj) > 24, which implies 

tha t  D > 24 y > 3(11 f + 1), a contradiction. Lastly suppose p = 13. Then  

1 < rj,  sj < 11 and D divides 3(13 f + 1). Since 3(13 f + 1) is not divisible by 8 

and by 9, (rj, sj)  ¢ (1, 1), (2, 2), (1, 3), (3, 1). Fhrthermore,  (rj ,  sj) can belong to 

{(1, 2), (2, 1)} for at  most  one index j -- j0. For j ~ j0 one has deg ~(rj ,  sj) > 35. 

Hence, D > 15 .35  y-1 > 3(13 y + 1), a contradiction. 

6) As a result  of the previous steps, we may suppose tha t  f > 2 and p > 17. 

Observe in addi t ion to (12) tha t  rj + sj ~ {p - 3,p - 2,p - 1,p,p + 1}. Indeed, 

if rj ÷ sj = p - 2, then d e g ~ ( r j , s j )  is divisible by p (see (5) and Lemma 2.5), 
p ! 

and so plD = deg~(A1), contrary to (10). If r j  + sj = p, then rj + sj = p - 2, 

which implies tha t  p divides D = deg~(A6), a contradiction. If r j  + sj = p - 3, 

then  D = deg~(A 1) is divisible by (p - 1)/2. By  (11) one has (p - 1)/2 divides 

3(p y + 1), i.e. ( p -  1)/2 divides 6, which is impossible as p >_ 17. If rj + sj = p+  1, 
l ! then  rj + sj = p - 3, and we come again to the contradict ion tha t  (p - 1)112. 

Finally, assuming rj + sj = p - 1 we have tj • {p - 1, 0}, contrary  to (12). 

In connect ion with this observation, set J = {Jl rj + sj > p + 2}, J'  = 
{Jl r~ + s~ > p + 2}. It is clear tha t  J '  = {0, 1 , . . . ,  f - 1}\Y. Therefore,  wi thout  

loss of generali ty one can suppose tha t  IJI > f / 2 .  From (5) and Lemma  2.5 it 

follows tha t  deg ~p(rj, sj)  > 2p 2 whenever j • J .  Consequently, D = deg ~( )1)  = 
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f - 1  [ I j = 0  d e g ~ ( r j , s j )  >_ 21JIq. In  p a r t i c u l a r ,  if f >_ 3 or  if IJI _> 2 one  has  D _> 4q, 

c o n t r a r y  to  (11). If  f = 2 a n d  IJI = ~, t hen  D _> 8 . 2 p  2 = 16q > 3 ( q  + 1) ,  a g a i n  

a c o n t r a d i c t i o n .  T h i s  c o n t r a d i c t i o n  c o m p l e t e s  t he  p r o o f  of L e m m a  3.5. I 

LEMMA 3.6 :  X ¢ " (~) Xq3-1 • 

- (~) for some  u. T h e n ,  by  L e m m a  3.3, X is Proof: A s s u m e  the  c o n t r a r y :  X : Xqs_ 1 
6 equa l  to  R~I (r, 8) w i t h  some  (r, s) s a t i s fy ing  (7). By  (9), X m o d  p = ~-~i=1 ~(Ai),  

w h e r e  /~1 = ( r  - 2, s + 1), A 2 = (q - r - 1, r + s),  A a = ( r  + s - 1, q - s - 2), 

A 4 = ( s - l , q - r - s - 2 ) , A  5 = ( q - r - s , r - 2 ) , A  6 = ( q - s - l , q - r - 1 ) .  I t  is 

obv ious  t h a t  A 2, A 3, A 6 E X I ( T ) ;  f u r t h e r m o r e ,  i f / =  1,4,  5, t h e n  e i t he r  A i be longs  

to  X I ( T ) ,  or ~(A ~) = 0. In  p a r t i c u l a r ,  X m o d p  con ta ins  T (M)  w i th  i = 2 , 3 , 6 .  

By  C o r o l l a r y  3 . 1 ,  s = r - 2 _= - r  - 8 m o d  (p - 1), i.e. 8 --  r - 2 m o d  (p - 1) a n d  

3 r  -~ 4 m o d  (p - 1). 

F i r s t  s u p p o s e  t h a t  r _ 2. T h e n  X m o d  p a lso  con ta in s  T(A1), a n d  so by  Coro l -  

l a ry  3.1 one  has  r + s - 1 - s m o d  (p - 1). Th i s  impl i e s  t h a t  r - 1 m o d  (p - 1) 

a n d  so p = 2. O b s e r v e  t h a t  t h e r e  ex is t s  i0 E { 1 , 2 , 3 , 6 }  such t h a t  r *° = s TM = 

1 ( m o d  2). P r o m  th i s  i t  fol lows t h a t  d e g ~ ( A  i0) is d iv i s ib le  by  d e g p ( 1 ,  1) = 8. 

In  t he  m e a n t i m e ,  we know t h a t  d e g ~ ( A  i°) d iv ides  d e g x  = q3 _ 1 a n d  so i t  is an  

o d d  in tege r ,  a c o n t r a d i c t i o n .  

I t  now r e m a i n s  to  cons ide r  t he  case  r = 1. In  th is  case  we a g a i n  have  3 = 

4 m o d  (p - 1), whence  p = 2. If  1 < s < q - 3, t h e n  X m o d  p c o n t a i n s  p (A  i) w i t h  

i = 3, 4. T h i s  a s s u m p t i o n  l eads  as  a b o v e  to  a c o n t r a d i c t i o n ,  b e c a u s e  t h e r e  ex i s t s  

i l  E {3, 4} such  t h a t  r *~ --  s *' - 1 ( m o d  2). F ina l ly ,  if r = 1 a n d  s e {0, q -  2}, 

t h e n  X m o d  p c o n t a i n s  s o m e  ~(A i~) w i t h  {r  i~ , s i~ } = { q - 2 ,  q -  1}. W e  a g a i n  a r r ive  

a t  a c o n t r a d i c t i o n ,  b e c a u s e  deg  ~ ( M  ~) = 3 - 8  f - 1  does  no t  d i v i d e  deg  X = 81 - 1. 

1 

LEMMA 3.7 :  I f  X = X(q_l)(q2 1 ) "  (~) for  some u, then q = 2. 

- (~) for some  n. T h e n ,  b y  L e m m a  Proof'. A s s u m e  the  c o n t r a r y :  X = X(q_l)(q2_l)  

3.4, X is equa l  to  Rs18~ (r, s) w i t h  some  (r,  s)  s a t i s fy ing  (8). 

1) F i r s t  we c o n s i d e r  t h e  c a s e  x = R,1~2 (r', s') w i t h  s o m e  ( r ' ,  s ' )  s a t i s fy ing  (8) 

(c). T h e n  X = R82 s l (r , s )  w i t h  I < r < q - 4 ,  2 < s < q - 2 ,  2 r + s  < q, r + 2 s  <_ q, 
6 ~1 _ A2 by  (9), X m o d  p = ~ i = 1  ~(Ai),  whe re  = (r, s 3), = (q - r - 2, r + s - 1), 

A 3 = ( r + s - 2 ,  q - s ) ,  A 4 = ( s -  1 , q - r - s - 2 ) ,  A s = ( q - r - s , r - 2 ) ,  

A 6 = ( q - 8 -  1, q - r -  1). I t  is obv ious  t h a t  A 2, A 3, A 4, A 6 E X f ( T ) ;  f u r t h e r m o r e ,  

if i - -  1, 5, t h e n  e i t h e r  A i b e lo n g s  to  X f ( T ) ,  or ~(A i) = 0. In  p a r t i c u l a r ,  X m o d  p 
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contains ~(A i) w i t h i  = 2 ,3 ,4 ,6 .  By Corollary 3.1, s - 2 - ~  r -  l - - r - 2 - =  

- r - s m o d ( p - 1 ) , i . e .  s - - - r + l = - 2 m o d ( p - 1 )  and ( p - 1 ) [ 3 .  Hence, p = 2 .  

Observe tha t  there exists i0 E {2, 3, 4, 6} such tha t  r io -= s io - l (mod2) .  From 

this it follows tha t  deg ~(A i°) is divisible by deg ~(1, 1) = 8. In the meant ime,  we 

know tha t  deg ~o(A i°) divides deg X = ( q -  1)(q 2 - 1) and so it is an odd integer, 

a contradict ion.  

2) In the rest of the proof we can suppose that  X = R s ~ ( r , s )  with some 
6 (r,s) satisfying (8)(a) or (8)(5). Then  by (9), X m o d p  = ~-~i=1 ~(Ai), where 

,k I = ( r - 3 ,  s), A 2 = (q - r , r+s -2 ) , )~3  : ( r + s - l , q - s - 2 ) ,  A 4 = ( s - 2 , q - r - s ) ,  

A 5 = ( q - r - s - 2 ,  r - 1 ) ,  A 6 = ( q - s - l , q - r - 1 ) .  By Lemma 2.3, either 

Ai E XI (T ) ,  or ¢(A i) = 0, or else i = 1,4 and the following holds: 

¢(o, o), s) = (o, o), 
i----l ,  ~(A 1 ) =  - 4 ( 1 - r , r + s - 2 ) ,  0 < r < l , s > _ 2 - r ;  

i = 4, ¢ ( ~ 4 )  __~ { --¢(0, q0,-- 1 -- r), s = l . S  = 0, 

In particular,  if s ---- 0, then by Corollary 2.2, X m o d p  contains ~(A 6) -- 

~ ( q -  1 , q - r -  1) with 1 < r <_ q/2. I f p  > 2, then degT~(A 6) is divisible 

b y p ,  which is impossible because p ~ d e g  X . If p - -  2 and r < q - l ,  then 

deg ~(A 6) is divisible by 8, again a contradiction. Therefore q = 2 and r = 1. In 

what  follows we may  suppose tha t  s > 1. 

3) Here we consider the case r > 3. Then  X mod p contains ~(A i) with i -- 

1, 2, 3, 6. By Corollary 3.1 one has r + s - 3 = s - 1 -- r - 2 ~ - r  - s mod  (p - 1). 

This implies tha t  r - :  s + 1 -~ 2 rood (p - 1) and (p - 1)[3. In particular,  p = 2. 

In  this case, there exists il C {1,2 ,3 ,6}  such tha t  r i~ - s i '  - 1 (rood 2). From 

this it follows tha t  deg~(A il) is divisible by deg~(1 ,  1) = 8. In the meant ime,  

we know tha t  deg ~o(A il ) divides deg X = (q - 1)(q 2 - 1), a contradiction.  

4) Next suppose tha t  r = 2. Then  q > 5, and X rood p contains ~(A i) with 

i -- 2, 3, 6. By Corollary 3.1, s - 1 -~ 0 - - s  - 2 rood (p - 1), i.e. p = 2. Now if s 

is odd, then deg ~(A 6) = deg 7~(q- s - 1, q - 3) is divisible by 8, a contradict ion.  

If s is even, then s >_ 2 and deg ~(A 2) = deg ~(q - 2, s) is divisible by 8, again a 

contradict ion.  

5) If  r --- 1, then by Corollary 2.2, X mod p contains ~(A 2) = ~(q - 1, s - 1) 

and ~o(A 6) = ~ ( q -  s -  1 , q -  2). I f p  > 2, or i f p  = 2 and s >_ 2, then deg~(A 2) 

is divisible by p, a contradiction. Therefore p = 2 and s = 1. In this case 

q = 21 _> 4, hence deg~(A 6) is divisible by 8, again a contradiction. 

6) Finally, suppose tha t  r -- 0. Then  1 < s < q -  1. Again by Corollary 



Vol. 109, 1999 IRREDUCIBLE REPRESENTATIONS 239 

2.2 x m o d p  contains ~(A 6) = ~ ( q - s -  1 , q -  1). I f p  > 2, or i f p  = 2 and 

s <_ q - 2, then  deg ~(A 6) is divisible by p, a contradict ion.  Therefore  p = 2 and 

s = q - 1. If q _> 8, then X mod p contains ~(A 4) = go(q - 3, 1), whose degree is 

divisible by 8, again a contradict ion.  If q = 4, then X rood p = ~(4, 1) + ((0,  3) = 

((4,  1) + go(0, 3) + go(0,0), contrary  to our hypothesis  on X- Hence, q = 2 and 

s = l .  

Lemma  3.7 is completely proved. | 

,~(~) . (~) 
LEMMA 3.8:  X 7 £ Aq(q~+q+l), ~q2+q+l" 

- (~) for some u. Then,  by the results of Proof: First  assume tha t  X = Xq(q2wq.t_l) 

§3.2 and (9), 

X m o d v  = ½(R,(O,s) + Rsl(0,  s)) m o d p  
= ~ ( q -  1, s) + ~ ( s -  1, q -  s -  2) + ~ ( s , q -  s -  1) + ( ( q -  s -  1 , q -  1) 

for some s, 1 <_ s < q - 2 .  In particular,  x m o d p  contains q o ( q -  1, s) and 
f - 1  ~(s,q - s - 1). Writ ing down s -- ~ j = 0  pJsj, 0 < sj _< p - 1, we have 

f--1 f--1 + 1)(p + 8j + 1) 
deg ~(q - 1, s) = U deg go(p - 1, sj) = ~ I  ~s3 

2 j=0 /=0 
f - 1  f - 1  

P(P 1) + o{ + 1)(p 
deg (s,q- s - 1) = l - [  d e g g o ( s j , ; -  - 1) = I I  - o sj - s ; j  

2 
j =0 j =0 

Since s _> 1, from these formulas it follows tha t  deg ~(s,  q - s -  1) < deg go(q- 1, s), 

a contradict ion.  

(~) for some u. Then  X is an irreducible Weil Now assume tha t  X -- ,~q2+q+l 
character  of G, hence our s ta tement  follows from §3 of [Tiep 3]. | 

LEMMA 3.9: I f  X = Xq(q+l), then q = p. 

Proof: Assume tha t  X = ~ ( q ( q + l ) .  Then,  by the results of §3.2 and (9), 

x mod p = ( R l  (O, O) - Rs~ (O, O) I - 1 G  m o d p = 4 ( 0 , q - 1 ) + ( ( q - l , 0 ) .  

In part icular ,  X m o d p  contains go(0, q -  1) and go(q - 1,0), bo th  of degree 

(p(p + 1) /2) f .  By our hypothesis,  the last integer must  divide deg X = pl  (pf + 1). 
This  condi t ion immediate ly  implies tha t  f = 1, as stated.  | 
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Observe that the three characters X (~) 1 2 1 3, 0 < u < 2, are G-conjugate, (qq-)(q q-q+ )/ 
where G = GL3(q), and the six characters 

X(~) "~(~)' 0 < u < 2, (q-1)(q~-l)/3, ~(q-1)(q~-l)/3, 

are Aut(G)-conjugate. This can easily be seen by inspecting the character table 
of G (cf. [SiF]). As a consequence of this observation, we come to the following 

statement. 

(~) (resp., " (~) COROLLARY 3.10: Suppose that X = X(qT1)(q2A_qA-1)/3 X ~-- A ( q _ 1 ) ( q 2 _ l ) / 3  

or A(q_l)(q2_l)/3/, ~/(u)~ ~ and that ~(A), ~p(A') are arbitrary irreducible constituents of 

R1 q--1 q - - X  (Of(RSlS2( +K.__32,q-31)_~_ns2s,(q-31 q+2,, ( 3 , 3 ) m o d p  3 /J mod prespectively). 

Then A and A' satisfy the conclusions of Corollary 3.1. 

LEMMA 3.11: Suppose that q --- 1 (rood 3). Then 

- (~) . (~) (~)' 
X ~z X(q+l)(q2+q.4_l)/3 , A~(q_l)(q2_l)/3, X(q_l)(q2_l)/3. 

Proof: Assume the contrary. 
1) Suppose that degx  = (q - 1)(q 2 - 1)/3. Then we apply Corollary 3.10 to 

(Rsls2(q+~ q -~)+Rs2~ ;q -~  q+2~hmodp 3 '  3 ~ 3 : 3 J/ 

¢( 3 ' ~ 3 1 ) ' 4 - ~ ( 2 q - 2  2q--5~-4-~(2q35 2q3-2))" 

If q > 7, then 

q - 1  q - 7  2 q - 2  
-4- ~ -  -- - - - 7  + - -  mod (p - 1) 

by Corollary 3.10, i.e. p = 2. But in this case, deg ~(~-~3 ~ , 9_~_) is divisible by 8, 

a contradiction. If q < 7, then q = 4, and 

( R ~ : ( 2 ,  1) + Rs2~(1, 2)) m o d p  = 3(~(2, 1) + ¢(1,2)). 

This character contains the constituent ~(2, 1), whose degree is equal to 9 and 

so does not divide deg X = 15, again a contradiction. 
- - (~ )  B y  (9),  2) Next we consider the case X - -  A(q-k l ) (q2+qT1) /3 .  

R i ( q - 1  q - l )  ( ( q - 1  q - i )  ( %  2 q - 2 ) )  
, ~  m o d p = 3  ¢ 3 ' 5 + ¢  ' 5 " 

Clearly, R1(2~ ! ,  2.~) rood p contains ~(Ai), i = 1, 2, where 

A l = ( q - I  q - 1 )  ~2 (2q~-2  2 q - 2 )  
3 ' 5 ' = ' g " 
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Our hypothesis on X implies that deg~(A 1) = deg~(A 2) and that  this integer 

divides (q + 1)(q 2 + q + 1). First suppose p - 1 (mod 3). Then 

)) deg qo(Aa) __ deg ~ (j__~0 pj (p ~ 1 p - I  = ( p + 2 ~ 3 f  
' 3 ~ , - - 3 - - ;  ' 

)) =( deg~(A 2) = d e g ~  p j ( 2 P 3 2 ,  - 2  (2p 1) 3 27 ) f .  

Therefore, we come to the equality (p+2) 3 = (2p+ 1) 3 - ( p -  1) 3, a contradiction. 

Finally, suppose that  p = -1  (mod 3). Since q = 1 (mod 3), one has f = 2g for 

some g C N. Then 

d e g ~ ( A a ) = ( d e g ~ ( 2 p - 1 3  ' 2 P 3 1 ) ' d e g ~ ( P  ~ - 2  p - 2 ) )  g 

Since 

and 

- 2  p - 2  p + l  3 ): (T) 

deg ~(A 1) is divisible by 23g, and so it does not divide (q + 1)(q 2 + q + 1), again 

a contradiction. | 

COROLLARY 3.12: Let X E Irr(G), where G = SL3(q) and q -- pf. Then X mod p 
is absolutely irreducible if and only if either X E {1G, St}, or q : 2 and X E 

. L 1, 2} .  ~(q-1)(q~-l)l u = 

Observe that  Xq(q+a) mod p is not irreducible if f = 1: it is a sum of two 
Aut(G)-conjugate Brauer characters, see the proof of Lemma 3.9. 

3.4 PROOF OF THEOREM 1.3. Assume that  G is a covering group of L = L3(q) , 

q = p l  and that  X E Irr(G) leads to a faithful GIR of H, H t> G. 

If G is a factor group of SL3(q), then without loss of generality one can suppose 

"(~) for that  G = SL3(q). By the results of §3.3, either q = 2 and X = ~(q-1)(q~-l) 
some u, or X E {St, Xq(q+l)}. (The principal character 1G is excluded because X 

is faithful.) The former possibility can in fact be realized, since SL3(2) -~ L2(7); 

and here we arrive at conclusion (i) of Theorem 1.3. Consider the latter case. It 

is well known that  St and Xq(q+U are extendible to the whole group G = GL3(q). 
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Let X1, resp. X2, be an extension of St ,  resp. of •q(q+l), to G. Choose a prime 

divisor t of q2 + q + 1. Then by [Jam] there exist ~ol, ~o2 E IBrt(G) such that  

X1 mod t = (ill -[- ~2, X2 mod t = 1 + ~1. 

Thus deg ~Ol = q2 + q _  1, deg ~o2 = ( q -  1)(q 2 - 1), and so by Proposition 1.2 we 

get a contradiction. 

The case G = 2.  SL3(2) ~ SL2(7) has been considered in [Tiep 1]. 

To complete the proof of Theorem 1.3, it remains to consider the case where 

L = L3(4), G is not a factor group of SL3(4). Here, Mult(L) = Z 4 X Z12 , 

therefore we have to look at the faithful irreducible characters of G, G is one of 

the groups 2L, 41L, 42L, 6L, 121L, 122L (the notation is taken from [ATLAS]). 

The  irreducible characters of these groups are given in [ATLAS], and the Brauer 

characters in [JLPW]. Using this information and Proposition 1.2, one can verify 

that  (G, X) satisfies one of the following conditions. 

1) G = 41L and degx  = 8. G has exactly 4 faithful irreducible characters ai ,  

i -= 1 , . . .  ,4, of degree 8. Here a2 = o71, Or4 ~- d 3 ,  ~ ( ( ~ i )  ~- Q ( V / - ~ ,  V/5), and 

a l , . . . , a 4  are algebraically conjugate. Set G1 = G .  21, ~ = Indaal(al).  Then 

& E Irr(G1), &la = a l  +a4 ,  and Q(&) = Q(v/-L-5). Moreover, all prime reductions 

of & are absolutely irreducible. Therefore, there exists a GIR of G1 of dimension 

32, which affords the Gl-character  & + ~ (and the G-character a l  + .-" + a4). 

2) G = 6L and deg X = 6. G has exactly 2 faithful irreducible characters/3i,  

i = 1, 2, of degree 6. Here f12 = /~1 and Q(fli) = Q(x/~-3) - Set G2 = G "  22, 

/3 = Ind~2(/~l). Then/~ e Irr(G~),/~]a =/~l  +/32, Q(a)  = Q, and ind(~) = - 1 .  

Moreover, the prime reductions/~ mod t are absolutely irreducible (and are of 

type - )  if t > 5; if t < 3 then they are sums of two absolutely irreducible Brauer 

characters, which cannot be written over the prime field Ft. Therefore, there 

exists a GIR V of G2 of dimension 24, which affords the G2-character 2~ (and 

the G-character 2(fll +/~2)). Observe that  G2 ¢---> 6 S u z  • 2 ~ 2Col ,  and the 

corresponding lattices are isometric to the Leech lattice. 

3) G = 121L and degx  = 24. G has exactly 8 faithful irreducible characters 

7i, i = 1 , . . . ,  8, of degree 24. Here 

Q(~/i) = Q exP-6-, 

and 71, . . - ,0 '8  are algebraically conjugate. All prime reductions 7i mod t are 

absolutely irreducible. We do not know examples of GIR 's  of H t> G, which 

afford G-character t~(~l + ' - "  + 78) for some ~ E N. 

Theorem 1.3 is completely proved. | 
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4.1 DECOMPOSITION OF DELIGNE-LUSZTIG CHARACTERS. W e  keep the nota-  

t ion of §2. The  twisted group G of Lie type  2A2 over Fq, q = p f ,  is defined by 

means of the au tomorph i sm 7r : c~1 ++ c~2 of the Dynkin diagram of type  A2, and 

F r  f ,  where F r  denotes the Frobenius endomorphism F r  : X = (xi j)  ~-~ X (p) = 

(x~j) of  6.  First, one extends ~r to an involutive au tomorphism of 6 by set t ing 

:r(X)  = A .  t X - 1  • A -1 for X • 6,  where 

/ 1 ) 
A =  1 . 

1 

In particular,  7r(X) = diag(c -1,  b -1,  a -1) for any X = diag(a, b, c) • T. Then  7r 

acts on X ( T )  via 7r(A) = Ao(~r-IlT) for any A • X ( T ) .  Set F = 7roFr S. Clearly, 

7r and F r  f commute  with each other, and F 2 = F r  2I. Now G is defined to be 

6 F = { X  • 61 F ( X )  = X}.  T h u s G i s t h e g r o u p o f a l l m a t r i c e s X  • SLa(q 2) 

which preserve the Hermit ian form with matr ix A, i.e. G ~ SU3(q). Since T is 

contained in the F-s tab le  Borel subgroup 

B =  0 * * , 

0 0 * 

T is a maximal ly  split torus. The  maximal  tori in G are of the form Tff, where 

w • W,  and it is known tha t  ITFI = I d e t ( w F - 1 ) l X ( T )  I (cf. [Car]). In particular,  

IT~I = q2 _ 1, ITFol = (q + 1) 2, where wo = -Tr is the reflection corresponding 

to the root  C~o = el - e3, and IT F} = q2 _ q + 1, where sl is the reflection 

corresponding to the root  c~1. Furthermore,  G has three conjugacy classes of 

maximal  tori, with representatives T F ,  TFo, and T F .  Correspondingly, it suffices 

to consider the Del igne-Luszt ig  characters RI (#) ,  R~o (#), and R ~  (#). 

F F LEMMA 4.1: For w • W ,  W ( T ~ )  F :=  N6(T~)  / T ~  is equal to 

(u • wl  [u, ww0] = 1}. 

Proof." For any u E W,  let the action of u on T be induced by the permuta t ion  

matr ix  nu. Then  it is clear tha t  nuv = n~n~, tn~ = nu-1, (n~)(q) -- n~, and 

A = nwo. Bj? definition, Tw = g~,Tg~ 1, where gw C 6 is such tha t  g~l  . F (g~)  -- 

nw. Now let g E Ng(Tw)  F. Then g = g w . n u t . g ~ l  for some t C T and 

u E W.  But  F(g)  = g, hence we get ts  -1 = n~_l~wo~oX~_~, where s = 
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n~,w_, ( t -1) (q)n~olw_~ E T. Thus  s = t, and [u, ww0] -= 1. Observe tha t  the 

equali ty s = t is equivalent to t -- n~F( t )n~  1, i.e. g~tgj, 1 E T~.  Conversely, if 

u E W is such t h a t  [u, wwo] = 1, then set t ing g = g~n~g~ 1 we get g E Ng(T~) F. 
| 

Now we want  to decompose  the Del igne-Luszt ig  characters  R~(r, s) = R~(it) 

= Rw(3, it) (in the no ta t ion  of [Jan 1]), it = (r, s) = rwl + sw2, into irreducibles. 

We shall make  use of the following identities (cf. [Jan 1]): 

(13) (it) = R   o _l o(Uit) 

for any u E W,  and 

(14) R (it) = R (it + (q - 

for any ~ E X (T).  

Firs t  consider the  characters  Rl(r,  s) = Rl( i t )  corresponding to the max imal  

torus  
T F = {diag(a, aq- l ,a-q) l  a E F~2} 

of G, it = (r, s) X (T) .  

LEMMA 4.2: Each Rl( i t )  is equal to exactly one Rl(a, b) with (a, b) satisfying 

(15) O < a < q - 2 - b ,  0 < b < q - 2 ,  (a, b) # (0, 0) 

i f  it is regular, and 

(16) (a, b) = (0, 0), ( c , q - l - c ) ,  0 < c < q - 1  

i f  it is not regular. 

Proof: (14) implies t h a t  R l ( r , s )  -- Rl(r ' , s ' )  whenever r + qs =_ r' + qs' 

mod(q  2 - 1) (in this case we write ( r , s )  N1 ( r ' , s ' )  for brevity),  and (13) im- 

plies t h a t  R I ( # )  = R1 (wo#). Writ ing r + s = to + (q - 1)x, s + x = So + (q + 1)y 

wi th  x ,y ,  so, to E Z, 0 _< So _< q, 0 < to _< q -  2, one sees tha t  ( r , s )  N1 (r0,so) 

wi th  ro = to - s o ,  whence R l ( r , s )  -- Rl ( ro ,  So). Thus  one can suppose  tha t  

tt = ( r , s )  w i t h 0  < s < q a n d 0  ~ r + s  ~ q - 2 .  I f r  >_ 0 t h e n  ( r , s )  satisfies 

(15). S u p p o s e r _ ~  - 1  a n d r + s  > 0. T h e n w o ( # )  ~1 (r ' ,s ')  w i t h r ' =  q - s ,  

s ' - -  - r -  1; hence Rl(r , s )  = Rl (r ' , s ' )  and ( r ' , s ' )  satisfies (15). Similarly, if 

r < - 1  and r + s = 0, then  Rl(r , s )  = Rl (r ' , s ' )  for the same r ' ,s ' ,  and (r ' ,s ')  

satisfies (16). Recall  t h a t  here it is regular if and  only if it ~1 w(it) for any 
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nontr ivial  w E W(T1) F. Due to L e m m a  4.1, the regulari ty of # = (r, s) is now 

equivalent to t ha t  r -t- s ~ 0 mod  (q - 1). Therefore  our s t a tement  follows. | 

Recall tha t ,  in the nota t ion  of [Geck], I r r (G)  consists of the following series of 

irreducible characters:  

,.(u) , (~) (~,v) 
1G, )~q(q-1), St  =)~q 3, A.q2_q+ 1, Aq(q2_q+l), )~(q_l)(q2_q~_l), 

X(u) , (u) v(u) (u,1) (u,2) 
qa+l, /~(q+l)(q2--l), A(q--1)(q2--q+l)/3, X(q+l)(q2--1)/3 , X(q+l)(q~-l)/3" 

Here, the last three  series appea r  if and only if q - - 1  (mod 3), and the 

lower indices indicate the degree of the characters.  Now it is clear t ha t  each of 

(q + 1)(q - 2) /2  characters  ~ (~) is equal to one of Rl(a, b) with (a, b) satisfying X~q34-1 
(15). I t  is not  difficult to show tha t  RI (0 ,0 )  = 1a  + St and 

R1 (a, q 1 - a) = - (m~) . (mo) --  Aq(q2 - - q + l )  -~- Xq2 - - q + l  ' 

w h e r e 0 < a < q - l a n d m a = a + l o r q - a .  

Next  we consider the  characters  Rw0(#). Arguing as in the proof  of L e m m a  

4.2, we obta in  

LEMMA 4.3: Each Rwo(#) with # regular is equal to exactly one Rwo(a, b) with 
( a, b) sat isfying 

(17) l<_a ,b ,a+2b<_q+l ,  2a+b<_q. 

Let d = gcd(3, q + 1). Then  it is clear t ha t  each of ((q + 1)(q - 2) + (3 - d ) ) /6  

(i,,v) is equal to one of R~o(a, b) with (a, b) satisfying (17). characters  )~(q_ l )(q2_q_}_ l ) 

I t  is not difficult to show tha t  Rwo(O, O) = S t -  2Xq(q_l)  - 1G, 

if d = 3, and 

2 

-- ' 5 ~-- ~ X ( q - 1 ) ( q 2 - - q + l ) / 3  
u~O 

w h e r e 0 < a < q - l a n d n a = a o r q - a + l .  

Finally, we consider the  characters  R ~  (#). Following the proof  of L e m m a  4.2, 

we obta in  

LEMMA 4.4: Each R~, (#) with # regular is equal to exactly one R~ (r, s) with 

(r, s) satisfying one of the following three conditions: 

(a) r=O,  l < s < q - 2 ,  

(18) (b) l < r < q - 1 ,  0 < s < q - 2 ,  2 r + s < q - 1 ,  r + 2 s < q - 1 ,  
(c) 4 < r < q - 1 ,  2 < s < q - 3 ,  2 r + s > _ 2 q + l ,  r + 2 s > 2 q - 2 .  

R~o(a,  0) = -(n~) . (,~) Xq(q2_q_}_l) - -  X q 2 _ q + l  ' 
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Each character ,/(~) is equal to exactly one Rsl (r, s) with (r, s) satisfy- ~(q-p1)(q2--  1) 

ing (18). Furthermore, it is not difficult to show that Rs~ (0, 0) = S t+Xq(q -1 ) -1G,  

and (if d -- 3) 

{ R ~ l ( q 3 1  q - 2  ( q - 2  q + l  } 

(u,1) v-,  (u,2) 
X(qH-1)(q2-1)/3' ~ X ( q - F 1 ) ( @ - I ) / 3  - 

u = 0  u = 0  

4.2 A CRITERION FOR GLOBAL IRREDUCIBILITY. Throughout this section we 

suppose that G = G f = S V 3 ( q )  , q = pl  > 2, and that a nontrivial irreducible 

character Z E Irr(G) leads to a Gift. By Proposition 1.2, for any arbitrary prime r 

all irreducible constituents of X mod r are conjugate (over Fr and under Aut(G)). 

In particular, all irreducible constituents of X rood r have the same degree, which 

divides degx. Every simple kG-module is isomorphic to exactly one L(,~) with 

= (r, s) E X I ( T  ) (el. §2), and the corresponding Brauer character is denoted 

by ~(,~) = ~(r, s). The relation between ~(,~) and ~(~) has been explained in §2. 

COROLLARY 4.5: Suppose that 9~(A), ~(/V) are irreducible consti tuents of  

x m o d p ,  where ,~ = (r,s) and A' = (r ' ,s ' )  belong to X I ( T ) .  Then r + s - 

r' + s' mod (p - 1). 

f - 1  • Proof: Consider the p-adic decompositions of the integers r, s: r = ~-~4=0 p~ri, 
x-~f--  1 i s = 2.,i=0 Ps i .  By Lemma 4.1 [Tiep 3], the action of Out(G) on IBrB(G) is 

generated by the map ~o(A) ~ ~o(~(A)) = (~, ~), where 

In particular, 

f - 2  f - 2  
= s f -1  + ~_~pi+lri, g = r f - 1  T ~_~pi+lsi. 

i = 0  i = 0  

f - - 2  

"~- 8 : E (pi+l(ri "~- 8i)) "~ (8f-1 -~ r f - 1 )  ~ r ~- 8 m o d  (p - 1). 
i=O 

Therefore our claim follows from Proposition 1.2. | 

4.3 REDUCTION MODULO p. Recall we are assuming that a certain irreducible 

complex character X of G leads to a GIR of H ~> G. It is well known that  

St  mod p (and of course l c  rood p) belongs to IBrp(G). In this subsection, using 

reduction modulo p (the defining characteristic), we show that  there are only a 



Vol. 109, 1999 IRREDUCIBLE REPRESENTATIONS 247 

few possibili t ies for X. A crucial ingredient of our a rguments  is J an tzen ' s  formula  

for reduct ion modulo  p of Del igne-Luszt ig  characters  (cf. [Jan 1]), which s ta tes  

in the  case G = SU3(q) tha t  

(19) Rw(#)  m o d  p = E ¢(u(#  - wTre~0~ ) + qp~ - p), 
uCW 

where 

Pu =- Z a)a, £u 
u - l p u  . 

aES,u-l(a)<O 

6 As In wha t  follows we shall wri te  Rw(#) m o d  p as a sum ~ = 1  ~(Ai) and = (r  *, s*). 

LEMMA 4.6: X ¢ " (u) Xq3+l" 

. (u) for some u. Then,  by L e m m a  4.2, X is Proo/ :  Assume  the  contrary:  X = ~q3+l 

equal to R l ( r ,  s) with some (r, s) satisfying (15). According to (19), X m o d  p = 
6 ~1 , ~2 = 2 ) ,  ~ i = 1 ¢ ( A ~ )  with = ( r , s )  = ( q - r - 2 , r + s ) ,  A 3 ( r + s , q - s -  

A 4 = ( q - r - s -  1 , r -  2), A 5 = ( s - 2 ,  q - r - s -  1), )~6 = ( q - s -  1, q - r - -  1). 

Clearly, A ~ E X f ( T )  for i = 1 ,2 ,3 ,6 ,  or for i = 4 and r >_ 2, or for i = 5 and 

s > 2. By  L e m m a  2.3, ¢(A4) is equal to 0 if r = 1 and _~(A,4) if r = 0, where  

A,4 = (q _ s - 2,0) C X f ( T ) .  Similarly, ¢(A 5) is equal to 0 if s = 1 and _~(A,5) 

i f s = 0 ,  w h e r e A ' 5 = ( 0 ,  q - r - 2 )  E X f ( T ) .  

1) Firs t  suppose  t ha t  r >_ 2 and s > 1. Then  it is clear t ha t  X rood p contains  

~ ( r  i, s ~) with  i = 1, 2, 3, 4, 6. By Corol lary 4.5 we have r + s =_ r i + s i rood (p - 1) 

for i ~ 5. This  i m p l i e s p  = 2. In this c a s e x ( 1 )  = q 3 + l  is odd,  hence each 

deg ~ (r *, s*), being a divisor of X (1), must  be odd for i ¢ 5. Now using L e m m a  2.5 

and  (5) we see t ha t  d e g ~ ( a , b )  is equal to 1 if (a,6)  = (0,0), 3 if {a ,b }  = {0, 1}, 

and 8 if (a ,b)  = (1,1). By  Steinberg 's  tensor p roduc t  theorem the oddness  

of deg ~ ( r  i, s i) forces (r  i, s i) ~ (1, 1) m o d  2. But  one easily checks t ha t  this 

condit ion cannot  be  s imul taneously  satisfied by i = 1,2, 3,6, a contradict ion.  

Similarly, the  case where r >_ 1 and s _> 2 is impossible.  

2) Now we consider the  case w h e r e r  = 0 and  1 < s < q - 2 .  Observe  t ha t  

IAi]2 > IA~412 for i = 2 ,3 ,6 .  Hence by Corol lary 2.2 X m o d p  contains ~(Ai) for 

all i = 2, 3, 6. Applying  Corol lary 4.5 one sees tha t  r i + s i m o d  (p - 1) are the  

same  for these indices i, therefore p = 2. But  in this case for at  least  one index 

i C {2, 3, 6} we have r i - s i - 1 m o d  2 and so deg ~(A i) is divisible by 8, again  

a contradict ion.  Similarly, the case s = 0 is impossible.  

3) We have shown tha t  r = s = 1. In this case q > 4 and  x m o d p  = 

¢(1, 1) + ¢(q - 3, 2) + 4(2, q - 3) + ¢(q - 2, q - 2). By Corollary 4.5, p - 1 divides 



248 P.H. TIEP Isr. J. Math. 

2, i.e. p = 2 or 3. The  case p = 2 cannot  occur since X mod  p contains ~(1, 1). 

If  p = 3, then  X m o d p  contains ~ ( q -  3,2),  and d e g T ( q -  3,2) is divisible by 

deg ~(0, 2) = 6, while X(1) = q3 + 1 is not divisible by 3. This  final contradic t ion 

comple tes  the  proof  of L e m m a  4.6. | 

Using L e m m a  4.3 and following the proof  of L e m m a  3.5, we obta in  

(u,~) 
LEMMA 4.7: X~X(q_l)(q2_q+l)" 

,~(~) 
LEMMA 4.8: X ¢ A(q+l)(q2_l). 

. (u) for some u. Then,  by L e m m a  Proo~ Assume the  contrary:  X = A(q_l)(q2_q_t.1) 
4.4, X is equal  to Rsl (r, s) wi th  some (r, s) satisfying (18). 

1) Firs t  we deal with the case of (18)(a). According to (19), X mod  p = 
6 A 1 1), A 2 1), A3 (s,q 8 2), )`4 E i = l  ~(Ai) with = ( - 2 ,  s + = (q,s . . . . .  

(q - s - 2, 0), )5 = (s - 1, q - s), )~6 = (q _ s - 1, q - 1). Clearly, )`~ C X(T)+ for 

i > 1. Fur thermore ,  by L e m m a  2.3, ((A 1) = _~()`,1), where A '1 = (0, s) E Xf(T).  
Since IA'111 < [)`i[1 for i = 3 ,5 ,6 ,  by Corollary 2.2, X m o d p  contains p()`i) wi th  

i = 3 ,5 ,6 .  Applying  Corol lary 4.5, we obtain  0 ~ 1 mod  (p - 1), i.e. p = 2 (and 

q >_ 4). In this case X(1) is odd, but  either deg ~(A a) or deg ~()`6) is divisible by 

deg T(1, 1) = 8, a contradict ion.  

2) Next  we consider the case of (18)(b). According to (19), X m o d p  = 
6 )`i A1 A2 1), A 3 ( r + s , q - s - 2 ) ,  ~ = t  ~( ) w i t h  = ( r - 2 ,  s + l ) ,  = ( q - r , r + s -  = 

A 4 = ( q - r - s - 2 , r ) , A  5 = ( s - l , q - r - s ) , ) ` 6 = ( q - s - l , q - r - 1 ) .  Clearly, 

A~ E X I ( T  ) for i ~ 1,5. If  i = 1,5 then, by Corollary 2.3, ei ther ~(A i) = 0 or 

)̀ ~ E X/(T) .  In par t icular ,  X rood p contains ~()d) with i = 2, 3, 4, 6. Applying  

Corol lary 4.5, we obta in  0 = l m o d ( p - 1 ) ,  i.e. p = 2 (and q > 4). In this 

case X(1) is odd,  but  a t  least one of ~()d) ,  i = 2 ,3 ,4 ,6 ,  has degree divisible by 

deg ~(1, 1) = 8, again a contradict ion.  

3) Finally, we handle the case of (18)(c). Then  X = Rs2( r, s) with 1 < r < q - 4 ,  

2 < s < _ q - 3 , 2 r + s  < q - l , r + 2 s  < q - 1 .  According to ( 1 9 ) , x m o d p =  
6 AI A2 :~-~-i=1 ~(Ai) wi th  = (r + 1, s - 2), = (q - r - 2, r + s), X a = (r  + s - 1, q - s), 

A 4 = ( q - r - s , r - 1 ) ,  A 5 = ( s , q - r - s - 2 ) , ) ` 6  = ( q - s - l , q - r - 1 ) .  Clearly, 

A ~ E Xf(T)  for any i, and so X m o d  p contains T()`~). Applying  Corol lary 4.5, 

we ob ta in  0 -~ 1 rood ( p -  1), i.e. p = 2 (and q > 4). In this case X(1) is odd, but  

at  least one of ~(Ai), i = 1 ,2 ,3 ,6 ,  has degree divisible by deg~(1 ,  1) = 8. Th is  

contradic t ion completes  the  proof  of L e m m a  4.8. | 
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,~(u) - (~) unless q = p 3 and X ,j(2) LEMMA 4.9: X 7 t A q ( q 2 - - q + l ) ,  Xq2 -qA-1 ,  = = A.q2--q-]-l" 

,,(~) for some u. Then,  by the  results of Proof: 1) Firs t  assume tha t  X = A.q(q2_q+l) 
§4.1 and (19), 

X m o d  p = ½ (R~ o (s, 0) + R1 (q - s, s - 1)) mod  p 
= ( ( q -  s , s -  1) + ( ( s -  2, q -  1) + ( ( q -  s - 1,s  - 2) + ( ( q -  1 , q -  s -  1) 

for some s, 1 < s < q. I f s  = 1, t h e n x m o d p  = ( (q  - l, 0) + ( (q  - l ,  q - 2). 

In par t icular ,  x m o d p  contains ~ o ( q -  1,0), whose degree is , and 

qo(q - 1,q - 2), whose degree is P(P-1)2(2p-1)p3(f-1). By Propos i t ion  1.2, 

deg ~o(q - 1, 0) = d e g ~ o ( q -  1, q -  2), hence q = 2, contrary  to our assumpt ion .  

The  case s = q can be excluded in the same way. 
4 

Thus  we can suppose  tha t  2 < s < q - 1. In this case X rood p = Y'~i=l (()`i) 

wi th  )`1 = (q-s,  s - l ) ,  )2 = ( s - 2 ,  q - I ) ,  )`3 = ( q - l ,  q - s - l ) ,  )̀ 4 = ( q - s - I ,  s - 2 ) .  

Clearly, )`i E XI(T)  for any i, and so X mod  p contains qo()`i). Applying  Corol lary 

4.5, we ob ta in  s - 0 m o d  ( p -  1) and ( p -  1)12, i.e. p = 2,3. I f p  = 2 then  

deg ~,o()` 1) = 3/ ,  while ei ther deg ~,o()  ̀2) or deg ~($3) is divisible by deg ~(1, 1) = 8, 

con t ra ry  to Propos i t ion  1.2. I t  remains  to consider the case p = 3. If  s ¢ (q+  1)/2 

then  deg q v()` 1) is divisible by deg qa(0, 2) = 6, while X(1) is odd, a contradict ion.  

If s = (q + 1)/2,  then  

)`1 = ( q - I  q - l ) _ 2 ,  

is invariant  under  Au t (G)  and Ft. In part icular ,  ~o(A 3) is not  conjugate  to ~o()`1), 

cont ra ry  to Propos i t ion  1.2. 

2) Next  we assume tha t  X " (~) for some u. Then  X is an irreducible Weil = Aq2_q+  1 

charac ter  of G, and hence our s t a tement  follows from §4 of [Tiep 3]. II 

LEMMA 4.10: / f X  = Xq(q-1), then q = p  or q = p 2 .  

Proo~ Again,  •q(q--1) is an  irreducible Weil character  of G = SU3(q). Hence 

our  s t a t emen t  follows f rom §4 of [Tiep 3]. II 

Following the  proof  of L e m m a  3.11, we obta in  

LEMMA 4.11: Suppose that q - - 1  (rood 3) (and q > 2). Then 

,,(=) (~,v) 
X # A.(q_l)(q2_q+l)/3, X(q+l)(q2-1)/3" 
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COROLLARY 4.12: Let X E Irr(G), where G = SU3(q) and q = p f  > 2. Then 

X mod p is absolutely irreducible i f  and only i f  either X C {1a, St} ,  or q = 3 and 
(2) 

)~ ~ A, q2_qA_ I .  

4.4 PROOF OF THEOREM 1.4. Assume that  G is a covering group of L = 

PSU3(q), q = p / ,  and that  a nontrivial character X C Irr(G) leads to a GIR of 

H,  H t> G. Since Mult(L) = Zgcd(3,q+~), it is clear that  G is a factor group 

of SU3(q), and so without loss of generality one can suppose that  G = SU3(q). 

By the results of §4.3, either f < 2 and X = Xq(q-1), or X = St, or q = 3 and 

~j(2) The  first possibility can in fact be realized, and the corresponding X ~ /~q2--q-kl" 

global irreducibles were constructed by Gross in [Gro]; see the discussion in §1 

after Theorem 1.4. The second case is impossible since there always exists an odd 

prime t? such that  St  rood / contains the trivial character (cf. [Geck]). Finally, 

the third case cannot occur, since ~ (2) mod 2 contains the trivial character 2~q2 --q+l 

when q -- 3 (cf. [ATLAS]). 

Theorem 1.4 has now been completely proved. | 
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